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Kapitel 1
Einleitung
Seit 1988 werden mit dem Verfahren der Molekularstrahlepitaxie (MBE: Molecular Beam Epi-
taxy) am Physikalischen Institut der Universita¨t Wu¨rzburg Halbleiterheterostrukturen aus dem
Halbleitermaterialsystem Hg1−xCdxTe hergestellt. Diese quecksilberhaltige Legierung ist ein
II-VI-Verbindungshalbleiter und zeichnet sich durch eine legierungs- und temperaturabha¨ngige
fundamentale Energielu¨cke aus. Die Bandstruktur ist je nach Temperatur und Legierungsfak-
tor x einerseits halbleitend, anderseits aber halbmetallisch. Die schmallu¨ckigen Hg1−xCdxTe-
Legierungen werden als Infrarotdetektoren eingesetzt.
Mit dem Verfahren der Molekularstrahlepitaxie ist es mo¨glich Bandstrukturen mit spezifischen
Eigenschaften herzustellen (band structure engineering). Unter diesen neuen Materialien stellen
die Typ-III-U¨bergitter eine besondere Klasse dar. Bei diesen zweidimensionalen Materialstruk-
turen wird eine nur wenige Atomlagen dicke Schicht von 30 A˚ bis 100 A˚ aus dem Halbmetall
HgTe, dem Trogmaterial, in eine Legierung aus Hg1−xCdxTe, dem Barrierenmaterial, eingebet-
tet und zu einem U¨bergitter aufgebaut.
Zweidimensionale Typ-III-Halbleiterheterostrukturen, wie die HgTe-Hg1−xCdxTe-Quantentrog-
strukturen und HgTe-Hg1−xCdxTe-U¨bergitter, sind von fundamentalen Interesse zum Versta¨nd-
nis von elektronischen Zusta¨nden komplexer Bandstrukturen und zweidimensionaler Ladungs-
tra¨gersysteme.
Daru¨ber hinaus werden HgTe-Hg1−xCdxTe-U¨bergitter in der Sensorik als Infrarotdektoren einge-
setzt, deren cut-off-Wellenla¨nge prozessgesteuert in der Molekularstrahlepitaxie u¨ber die Trog-
breite, der Schichtdicke des HgTe, eingestellt werden kann.
Je nach verwendeten Barrierenmaterial Hg1−xCdxTe und Temperatur besitzen die U¨bergitter-
strukturen mit großen Barrierenschichtdicken, das sind die Quantentrogstrukturen, in Abha¨n-
gigkeit von der Trogbreite, fu¨r niedrige Trogbreiten eine normal halbleitende Subbandstruktur,
wa¨hrend sich fu¨r gro¨ßere Trogbreiten eine invertiert halbleitende Subbandstruktur einstellt. In
der invertiert halbleitenden Subbandstruktur ist ein indirekter Halbleiter realisierbar. Bei Struk-
turen mit du¨nnen Barrierenschichtdicken ist die Minibanddispersion stark ausgepra¨gt und es
kann sich zusa¨tzlich eine halbmetallische Subbandstruktur ausbilden.
Diese speziellen Eigenschaften sind einzigartig und kennzeichnen die komplexe Bandstruktur
von Typ-III-Heterostrukturen.
6Erst die genaue Kenntnis und ein vertieftes Versta¨ndnis der komplexen Bandstruktur erlaubt
die Interpretation von Ergebnissen aus (magneto)-optischen Untersuchungen der elektronischen
Eigenschaften von Typ-III-Halbleiterheterostrukturen.
Die Berechnung der elektronischen Zusta¨nde in den HgTe-Hg1−xCdxTe-U¨bergitter wurde in der
vorliegenden Arbeit in der Envelopefunktionsna¨herung durchgefu¨hrt.
Seit drei Jahrzehnten wird die Envelopefunktionenna¨herung (EFA: Envelope Function Approx-
imation) sehr erfolgreich bei der Interpretation der experimentellen Ergebnisse von (magneto)-
optischen Untersuchungen an Halbleiterheterostrukturen eingesetzt. Der Erfolg basiert auf der
effektiven Beschreibung der quantisierten, elektronischen Zusta¨nde an Halbleitergrenzfla¨chen, in
Quantentro¨gen und U¨bergittern und der Einzigartigkeit, zur Berechnung der experimentellen
Ergebnisse, die Abha¨ngigkeit von a¨ußeren Parametern, wie der Temperatur und des hydro-
statischen Druckes, aber auch eines elektrischen und magnetischen Feldes, wie auch von freien
Ladungstra¨gern, ein zu arbeiten. Die sehr gute quantitative U¨bereinstimmung der theoretischen
Berechnungen in der Envelopefunktionenna¨herung und vieler experimenteller Messergebnisse an
Halbleiterheterostrukturen baut auf der quantitativen Bestimmung der relevanten Bandstruk-
turparameter in der k ·p-Sto¨rungstheorie zur Beschreibung der elektronischen Eigenschaften der
beteiligten Volumenhalbleiter auf.
In Kapitel 1 der vorliegenden Arbeit wird daher zuna¨chst das Bandstrukturmodell des Volumen-
materials Hg1−xCdxTe vorgestellt und daraus die Eigenwertgleichung des Hamilton-Operators
in der Envelopefunktionenna¨herung abgeleitet. Danach wird das Lo¨sungsverfahren, die Ma-
trixmethode, zur Berechnung der Eigenwerte und Eigenfunktionen beschrieben und auf die
Berechnung der elektronischen Subbandzusta¨nde der Typ-III-Hg1−xCdxTe-U¨bergitter angewen-
det. Es folgt eine Diskussion der grundlegenden Eigenschaften der komplexen Bandstruktur in
den verschiedenen Regimen der Typ-III-Halbleiterheterostrukturen und der charakteristischen
Wellenfunktionen, den Grenzfla¨chenzusta¨nden.
An Ende dieses Kapitels wird die Berechnung des Absorptionskoeffizienten hergeleitet und
die grundlegenden Eigenschaften der Diplomatrixelemente zur Charakterisierung der optischen
Eigenschaften von HgTe-Hg1−xCdxTe-U¨bergitter exemplarisch vorgestellt.
In Kapitel 2 sind die wesentlichen Ergebnisse aus dem Vergleich von Infrarotabsorptionsmes-
sungen an HgTe-Hg1−xCdxTe-U¨bergitter mit den berechneten Absorptionskoeffizienten zusam-
mengestellt.
Kapitel 2
Elektronische Zusta¨nde in
Typ-III-Halbleiterheterostrukturen
In diesem Kapitel werden die Grundlagen zur Berechnung der elektronischen Zusta¨nde in Halb-
leiterheterostrukturen im Rahmen der Envelopefunktionenna¨herung (EFA) kurz skizziert. Die
Envelopefunktionenna¨herung wird sich bei der Berechnung von Infrarotabsorptionsspektren der
experimentell untersuchten zweidimensionlen HgTe-Hg1−xCdxTe-Heterostrukturen als sehr er-
folgreich erweisen. Die Bandstrukturen der beteiligten Volumenmaterialien, des Halbmetalls
HgTe und der Legierung Hg1−xCdxTe, ko¨nnen dabei einheitlich im Kane-Modell beschrieben
werden.
2.1 Die Envelopefunktionenna¨herung
Die Envelopefunktionenna¨herung stellt eine Erweiterung der k · p-Sto¨rungstheorie dar, die eine
bewa¨hrte Methode zur Berechnung von elektronischen Zusta¨nden von Volumenhalbleitern ist.
Die grundlegende Idee der Envelopenfunktionenna¨herung ist die Folgende: Die Wellenfunktion
des betrachteten Hamilton-Operators wird nach einem vollsta¨ndigen Satz von Blochfunktionen
un(r) z. B. im Zentrum der Brillouin-Zone bei k = 0 entwickelt:
Ψ(r) =
∑
n
Fn(r) un(r), (2.1)
mit den Envelopefunktionen Fn(r). Unter der Annahme der Translationsinvarianz in der Ebene
senkrecht zur Wachtumsrichtung z der Quantentrog- und U¨bergitterstrukturen liefert der fol-
gende Seperationsansatz fu¨r die Envelopefunktionen Fn(r) die Lo¨sung
Fn(r) = exp[i(kxx + kyy)] fn(z), (2.2)
mit den Wellenvektorkomponenten kx und ky .
Die Envelopefunktionen und die Energien in der Umgebung von k = 0 werden im Rahmen der
k · p Theorie durch Lo¨sung von gekoppelten Differentialgleichungen 2. Ordnung berechnet.
8∑
n′
Hnn′fn′(z) =
∑
n′
⎛
⎝x,y,z∑
α,β
kαD
αβ
nn′kβ +
x,y,z∑
α
Pαnn′kα + En′(z)δnn′
⎞
⎠ fn′(z) = E · fn(z) (2.3)
mit n and n′ den Summationsindizes der Blochfunktionen, En′(z) sind die Bandkantenenergien.
Die Dipolmatrixelemente Pαnn′ beschreiben die Kopplung zwischen den n and n
′ Ba¨ndern exakt,
wa¨hrend die Dαβnn′ die Kopplung an die entfernten Ba¨nder in Sto¨rungsrechnung 2. Ordnung
beru¨cksichtigen.
Das zugrundeliegende Bandstrukturmodell, das Kane-Modell, zur Beschreibung der Zusta¨nde
eines schmallu¨ckigen Halbleiters im Γ-Punkt der Brillouin-Zone bei k = 0 tra¨gt der starken Kop-
plung zwischen dem Leitungs- (Γ6) und den Valenzba¨ndern (Γ8,Γ7) Rechnung und ist in Abbil-
dung (2.1) fu¨r das Trogmaterial, das Halbmetall HgTe und das Barrierenmaterial Hg0.32Cd0.68Te
der untersuchten (001)-HgTe-Hg1−xCdxTe-U¨bergitter gezeigt.
Abbildung 2.1: Bandstruktur von HgTe und Hg1−xCdxTe im Kane-Modell [2]. Die jeweils spin-
entarteten Ba¨nder sind nach ihrer Symmetrie bezeichnet: Γ6, Γ7 und Γ8. Zusa¨tzlich eingetragen
ist der fu¨r die Heterostrukturen charakteristische Valenzbandoffset (VBO).
Die, dem Kane-Modell zugrundliegende, Basis von 8 symmetrieangepassten Blochfunktionen,
Γ6, Γ7 and Γ8, lautet [2]:
u1(r) = |Γ6,+1/2〉 = S ↑
u2(r) = |Γ6,−1/2〉 = S ↓
u3(r) = |Γ8,+3/2〉 = (1/
√
2)(X + iY ) ↑
u4(r) = |Γ8,+1/2〉 = (1/
√
6)[(X + iY ) ↓ −2Z ↑]
u5(r) = |Γ8,−1/2〉 = −(1/
√
6)[(X − iY ) ↑ +2Z ↓] (2.4)
9u6(r) = |Γ8,−3/2〉 = −(1/
√
2)(X − iY ) ↓
u7(r) = |Γ7,+1/2〉 = (1/
√
3)[(X + iY ) ↓ +Z ↑]
u8(r) = |Γ7,−1/2〉 = (1/
√
3)[(X − iY ) ↑ −Z ↓],
mit dem Gesamtdrehimpuls j = 1/2 fu¨r Γ6,Γ7 und j = 3/2 fu¨r Γ8.
Der Hamilton-Operator Hnn′ in Gl. (2.3) fu¨r eine zweidimensionale Heterostruktur und [001]-
Wachstumsrichtung stellt sich in der gewa¨hlten Basis der 8 Blochfunktionen nunmehr wie folgt
dar[3]:
H =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
T 0 − 1√
2
Pk+
√
2
3Pkz
1√
6
Pk− 0 − 1√3Pkz −
1√
3
Pk−
0 T 0 − 1√
6
Pk+
√
2
3Pkz
1√
2
Pk− − 1√3Pk+
1√
3
Pkz
− 1√
2
k−P 0 U + V −S¯− R 0 1√2 S¯− −
√
2R√
2
3kzP − 1√6k−P −S¯
†
− U − V C R
√
2V −
√
3
2 S˜−
1√
6
k+P
√
2
3kzP R
† C† U − V S¯†+ −
√
3
2 S˜+ −
√
2V
0 1√
2
k+P 0 R† S¯+ U + V
√
2R† 1√
2
S¯+
− 1√
3
kzP − 1√3k−P
1√
2
S¯†−
√
2V −
√
3
2 S˜
†
+
√
2R U −Δ C
− 1√
3
k+P
1√
3
kzP −
√
2R† −
√
3
2 S˜
†
− −
√
2V 1√
2
S¯†+ C† U −Δ
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
mit den u¨blichen Abku¨rzungen:
k2‖ = k
2
x + k
2
y , k± = kx ± iky , kz = −i∂/∂z,
T = Ec(z) +
h¯2
2m0
(
(2F + 1)k2‖ + kz(2F + 1)kz
)
,
U = Ev(z)− h¯
2
2m0
(
γ1k
2
‖ + kzγ1kz
)
,
V = − h¯
2
2m0
(
γ2k
2
‖ − 2kzγ2kz
)
,
R = − h¯
2
2m0
(√
3μk2+ −
√
3γ¯k2−
)
, (2.5)
S¯± = − h¯
2
2m0
√
3k± ({γ3, kz}+ [κ, kz ]) ,
S˜± = − h¯
2
2m0
√
3k±
(
{γ3, kz} − 13[κ, kz ]
)
,
C =
h¯2
m0
k−[κ, kz ].
[A,B] = AB − BA ist der Kommutator und {A,B} = AB + BA der Anti-Kommutator der
Operatoren A und B, P ist das Kane-Dipolmatrixelement, Ec(z) (Leitungsband) und Ev(z)
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(Valenzband) beschreibt die ra¨umliche Variation der Bandkanten in Wachstumsrichtung der
zweidimensionalen Heterostruktur, Δ ist die Energieaufspaltung auf Grund der Spin-Bahn-
Wechselwirkung und γ1, γ2, γ3, κ und F beschreiben die Fernbandanteile und μ und γ¯ die
aus Symmetrie-Argumenten sinnvollen Abku¨rzungen μ = (γ3 − γ2) /2 und γ¯ = (γ3 + γ2) /2. Die
Terme mit kubischer Symmetrie im Hamilton-Operator sind proportional zu μ (warping). Im
Fall μ = 0 ist der Hamilton-Operator axial-symmetrisch. Die Effekte der Inversions-Asymmetrie
sind im Hg1−xCdxTe sehr klein und werden vernachla¨ssigt [2].
Die Erweiterung auf eine beliebige Wachstumsrichtung [hkl] ist allein aus Symmetrieu¨berlegun-
gen ableitbar und ist bei Novik et. al. [3] fu¨r die [kkl]-Richtung angegeben.
Die Berechnung der elektronischen Zusta¨nde in Halbleiterheterostrukturen fu¨hrt nach Gl. (2.3)
und Gl. (2.5) auf ein System von 8 gekoppelten Differentialgleichungen 2. Ordnung, das im
Folgenden mit der Matrixmethode gelo¨st wird.
2.2 Die Matrixmethode
Die Berechnung der einzelnen Envelopefunktionen aus Gl. (2.3), das sind die normierbaren
Eigenfunktionen zum Eigenwert E, die sogenannten Subbandfunktionen, zur zugeho¨rigen Sub-
bandenergie, wird zuru¨ckgefu¨hrt auf die Berechnung von Matrixelementen in der Matrixdarstel-
lung des Hamilton-Operators Anhang [B]. Hierzu wird jede Komponente der Envelopefunktion
fn(z) nach einem vollsta¨ndigen, im Allgemeinen nicht-orthogonalen, Funktionensystem {gi(z)}
entwickelt:
fn(z) =
∑
i
ain gi(z), i = 0, 1, 2, . . . (2.6)
wobei die gi(z) auf das zu berechnende Heterostruktursystem angepasst werden [Seite 54] und [2].
Die Entwicklung in Gl. (2.6) fu¨hrt auf eine Matrixdarstellung des Eigenwertproblems. Die nu-
merische Diagonalisierung liefert neben den Eigenwerten, die Komponenten der Eigenvektoren,
die ain. Die daraus berechneten Subbandfunktionen erfu¨llen automatisch die U¨bergangsbedin-
gungen (boundary conditions) [3].
Die Matrixmethode ist bei Latussek, Bangert und Landwehr im Detail beschrieben [Anhang
B]. Das dort beschriebene Funktionensystem wurde zuna¨chst durch die Eigenfunktionen eines
Quantentroges ersetzt [5] und auf die Berechnung der Valenzbandstruktur einer GaAs-GaAlAs-
Quantentrogstruktur angewendet [Seite 196ff].
Die Matrixmethode wurde erstmals vom Autor um die Klasse der nicht-orthogonalen Funk-
tionensysteme gi(z) erweitert und auf das Kane-Modell zur Berechnung der Bandstruktur von
Typ-III-Halbleiterheterostrukturen angewendet.
Auf Grund der schlechten Konvergenz bei der Berechnung der Grenzfla¨chenzusta¨nde in Typ-III-
Quantentrogstrukturen wurde ein neues Funktionensystem konstruiert [2], welches fu¨r sa¨mtliche
untersuchten Heterostrukturen – vom P-Typ-Inversionskanal in Germanium-Bikristallen, u¨ber
GaAs-GaAlAs-Quantentrogstrukturen bis hin zu Typ-III-U¨bergittern – die erforderliche Kon-
vergenz zeigt.
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z(A˚) F1 F2 F3 F4
Exakte Envelopefunktion [5]
0 7.481 × 10−2 0 −1.016 × 10−1 0
25 5.085 × 10−2 1.634 × 10−2 −7.229 × 10−2 4.745 × 10−2
50 7.697 × 10−3 1.405 × 10−2 −2.005 × 10−2 3.077 × 10−2
75 −1.553 × 10−3 3.614 × 10−3 −1.948 × 10−3 3.797 × 10−3
100 −6.114 × 10−4 6.768 × 10−4 −6.837 × 10−5 3.306 × 10−4
Matrixmethode: 20(8)
0 7.480 × 10−2 0 −1.016 × 10−1 0
25 5.086 × 10−2 1.634 × 10−2 −7.230 × 10−2 4.745 × 10−2
50 7.697 × 10−3 1.405 × 10−2 −2.005 × 10−2 3.077 × 10−2
75 −1.553 × 10−3 3.615 × 10−3 −1.948 × 10−3 3.797 × 10−3
100 −6.115 × 10−4 6.767 × 10−4 −6.809 × 10−5 3.310 × 10−4
Matrixmethode: 12(6)
0 7.453 × 10−2 0 −1.012 × 10−1 0
25 5.118 × 10−2 1.634 × 10−2 −7.270 × 10−2 4.717 × 10−2
50 7.638 × 10−3 1.405 × 10−2 −2.013 × 10−2 3.069 × 10−2
75 −1.967 × 10−3 3.645 × 10−3 −1.613 × 10−3 3.649 × 10−3
100 −3.483 × 10−4 5.866 × 10−4 −3.264 × 10−4 3.682 × 10−4
Integralmethode [6]: 81 Gitterpunkte
0 7.480 × 10−2 9.296 × 10−4 −1.016 × 10−1 6.842 × 10−4
25 5.084 × 10−2 1.633 × 10−2 −7.227 × 10−2 4.740 × 10−2
50 7.680 × 10−3 1.400 × 10−2 −2.004 × 10−2 3.066 × 10−2
75 −1.530 × 10−3 3.619 × 10−3 −1.955 × 10−3 3.809 × 10−3
100 −6.116 × 10−4 6.772 × 10−4 −6.850 × 10−5 3.317 × 10−4
Tabelle 2.1: Envelopefunktion des obersten Subbands (H1) fu¨r k‖=0.04 A˚−1 in
〈10〉 Richtung eines 100 A˚ GaAs-Ga0.79Al0.21As-Quantentroges. Die exakte En-
velopefunktion von Andreani, Pasquarello und Bassani [5] wird mit dem numerischen
Ergebnis aus der Matrixmethode fu¨r 20(8) und 12(6) Entwicklungsfunktionen je
Spinorkomponente verglichen. Zusa¨tzlich ist das numerische Resultat der Integral-
methode von Winkler und Ro¨ssler [6] eingetragen. Der Ursprung der z–Achse ist in
der Mitte des Quantentroges.
Die Genauigkeit der Matrixmethode oder allgemeiner von Variationsmethoden wird am besten
durch den Vergleich mit exakten Lo¨sungsverfahren u¨berpru¨ft. Als ein u¨berzeugender Test zur
Genauigkeit numerischer Resultate der Methode dient ein Vergleich mit exakten Ergebnissen
aus Subbandrechnungen einer GaAs-Ga1−xAlxAs-Heterostruktur von Andreani, Pasquarello und
Bassani [5]. Die Subba¨nder und deren Envelopefunktionen der Vergleichsstruktur, einem un-
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dotierten 100 A˚GaAs-Ga0.79Al0.21As-Quantentrog, lo¨sen das Eigenwertproblem der sogenannten
4×4-Luttinger-Matrix mit dem Rechteckpotential der Valenzbandoberkante. In Tabelle (2.1) sind
die Zahlenwerte der vierkomponentigen Envelopefunktion F(z) fu¨r das oberste Subband (H1),
dem Grundzustand des schweren Loches, mit k‖ =
√
k2x + k2y = 0.04 A˚
−1 in der 〈10〉 Richtung
eingetragen. Die Matrixmethode 20(8) mit der Entwicklung der Envelopefunktion nach 20 Ba-
sisfunktionen, davon 8 in der GaAs-Schicht, fu¨r jede Spinorkomponente zeigt eine hervorragende
U¨bereinstimmung mit dem exakten Ergebnis 1. Dies gilt auch außerhalb des Quantentroges, wo
die Amplitude der Envelopefunktion 2 sehr klein ist. Um die rasche Konvergenz der Matrixme-
thode zu illustrieren wurde die Entwicklung der Envelopefunktion nach 12 Basisfunktionen in
die Tabelle aufgenommen.
Aus dem Vergleich mit der Integralmethode von Winkler und Ro¨ssler [6], bei der die zu-
grundeliegenden Basisfunktionen ebene Wellen sind, wird deutlich, dass bei entsprechender
Genauigkeit 81 Entwicklungsfunktionen pro Spinorkomponente beno¨tigt werden, also viermal
soviele wie bei der Matrixmethode 3.
Bevor nun die Ergebnisse der Berechnungen fu¨r die interessanten Anwendungen der Matrixmeth-
ode, den quecksilberhaltigen II–VI–Heterostukturen kommen, einige Bemerkungen zur Flexi-
bilita¨t und Leistungsfa¨higkeit der Methode. Die Matrixmethode wurde urspru¨nglich zur Berech-
nung der Envelopefunktion elektronischer Zusta¨nde in Halbleiteru¨bergitter entwickelt, mit dem
Separationsansatz der Envelopefunktion F(r) = ei q·z
[
eik·rF(z)
]
. Zudem wurden die Legen-
drepolynome als Grundlage des Konstruktionsprinzips der Basisfunktionen gewa¨hlt [2]. Zur
Berechnung der erforderlichen Matrixelemente wird auf den Anhang [A] verwiesen.
Die hohe Genauigkeit der Ergebnisse in dem vorangehenden Beispiel einer Quantentrogstruk-
tur zeigt deutlich, dass eine einheitliche Beschreibung von Subbandzusta¨nden in Heterostruk-
turen gefunden ist. Der isolierte Quantentrog wird hier u¨ber ein U¨bergitter dI(dII) approx-
imiert, das aus einer 100(200) A˚GaAs(Ga0.79Al0.21As) Schichtfolge besteht. Fu¨r die Auswertung
der Subbandzusta¨nde wurde k = (k‖, q) zu (0.04, 0) A˚−1 gewa¨hlt. Die Bandbreite des (H1)–
Minibands, das ist die Differenz der Energieeigenwerte E(k) zwischen dem Zentrum (0, 0) und
dem Rand (0, π/(dI+dII)) der ersten Brillouin-Zone des U¨bergitters, ist fu¨r die angegebene Dicke
dII der Ga0.79Al0.21As Schicht kleiner als der absolute Fehler in der Berechnung der Eigenwerte
(s. Fußnote 1). Die Breite der Miniba¨nder ist somit ein Maß fu¨r die Kopplung der einzelnen
Quantentro¨ge in Vielfachquantentrogstrukturen.
Aus der hohen Genauigkeit der Matrixmethode bei sehr kleiner Amplitude der Envelopefunktion
ergibt sich die Anwendung auf die Berechnung von resonanten Subbandzusta¨nden in Tunnel-
strukturen [10],[11].
1Der absolute Fehler in den Energieeigenwerten der gebundenen Zusta¨nde ist kleiner als 10−3meV.
2Die Normierung der Envelopefunktion ist so gewa¨hlt, dass fu¨r z in A˚ngstrom gilt:
∫ ∑
i
|Fi(z)|2 dz=1.
3Dies erfordert die Diagonalisierung einer 4×81 = 324 dimensionalen Matrix fu¨r jeden k–Punkt. Dabei ist
das numerische Diagonalisierungsverfahren ein n3–Algorithmus [8],[9], d. h. verringert man die Anzahl n der
Basisfunktionen auf 1/4, so wird der Rechenaufwand auf 1/64 reduziert.
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Abbildung 2.2: (a) Bandstruktur eines 40 A˚-HgTe-Hg0.32Cd0.68Te-Quantentroges. (b) Ver-
lauf der Subbandkanten als Funktion der Trogbreite. (c) Bandstruktur eines 150 A˚-HgTe-
Hg0.32Cd0.68Te-Quantentroges. Der Nullpunkt der Energieskala fa¨llt mit der Valenzbandober-
kante Γ8 von HgTe zusammen.
2.3 Die Berechnung der Subbandstruktur von HgTe-Hg1−xCdx-
Te-Heterostrukturen
Der spezielle Bandkantenverlauf von Typ-III-Heterostrukturen fu¨hrt zu einer starken Kopplung
von Zusta¨nden mit unterschiedlicher Symmetrie. Die elektronischen Eigenschaften von HgTe-
Hg1−xCdxTe-Heterostrukturen werden dabei durch die komplexe Bandstruktur der beteiligten
Volumenhalbleiter bestimmt.
In Abbildung (2.2) sind die Subbandenergien eines HgTe-Hg0.32Cd0.68Te-Quantentroges in Ab-
ha¨ngigkeit von der sogenannten Trogbreite, der Dicke der HgTe-Schicht, aufgetragen (b). Zusa¨tz-
lich sind fu¨r eine Trogbreite von 40 A˚ (a) und 150 A˚ (c) die Bandstrukturen E(k) senkrecht zur
Wachstumsrichtung (Quantisierungsachse) eingezeichnet. Die Bandstruktur des 40 A˚-Quanten-
troges wird als normal halbleitende Bandstruktur bezeichnet. Das Leitungsband ist ein E1-
Subband, energetisch getrennt durch eine Energielu¨cke von dem Valenzband, einem H1-Subband.
Sowohl E1 als auch H1 sind auf Grund der starken Kopplung der Ba¨nder untereinander stark
nichtparabolisch (a). Mit zunehmender Trogbreite rutscht das E1-Subband energetisch in den
Bereich der H-Subba¨nder. Da die H-Zusta¨nde vom E1-Zustand bei k = 0 entkoppelt sind,
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schneiden sich die Subbandkanten in Abbildung (2.2) (b). Oberhalb des Schnittpunktes bei ca.
60 A˚ ist das H1-Band das Leitungsband mit einer elektronenartigen Subbanddispersion (c) und
das E1-Band bildet das Valenzband mit einer lochartigen Dispersion. Die Bandstruktur heißt in-
vertiert halbleitend. Fu¨r den 150 A˚-Quantentrog bildet sich eine indirekte Energielu¨cke aus. Das
Maximum des Valenzbandes, welches durch den H2-Zustand gebildet wird, liegt bei endlichem
Wellenvektor k. Das Leitungsband wird wie bei den invertiert halbleitenden Bandstrukturen
aus dem H1-Band gebildet. Das E1-Band liegt fu¨r den 150 A˚-Quantentrog energetisch unterhalb
des H4-Bandes und la¨uft mit zunehmender Trogbreite auf den L1-Zustand zu.
Der L1-Zustand wird bei normal halbleitenden Bandstrukturen als leichter Loch-Zustand be-
zeichnet, mit Γ8-Symmetrie. In Typ-III-Heterostrukturen bildet der L1-Zustand zusammen mit
dem E1-Zustand, sofern dieser energetisch unterhalb der Valenzbandkante von HgTe liegt – das
gilt fu¨r Trogbreiten ab ca. 60 A˚ – die sogenannten Grenzfla¨chenzusta¨nde aus.
Die Berechnung der Bandstrukturen von HgTe-Hg1−xCdxTe-U¨bergittern erfolgt analog zur Be-
schreibung auf Seite [12] und fu¨hrt in den Typ-III-Heterostrukturen zu drei unterschiedlichen
Klassen von U¨bergittern. Diese werden charakterisiert nach der Dispersion in Wachstumsrich-
tung, der Minibanddispersion und sind in Abbildung (2.3) schematisch zusammengefasst,
Abbildung 2.3: Bandstruktur eines normal halbleitenden (links), eines semimetallischen (mitte)
und eines invertiert halbleitenden (rechts) HgTe-Hg1−xCdxTe-U¨bergitters [2].
Die unterschiedlichen Regime der Bandstruktur, normal halbleitend, semimetallisch und in-
vertiert halbleitend, ko¨nnen auch in einem einzigen HgTe-Hg1−xCdxTe-U¨bergitter in Abha¨ngig-
keit der Temperatur eingestellt werden, [Seite 106].
2.4 Die Grenzfla¨chenzusta¨nde
Die Bezeichnungen der Zusta¨nde, H1, H2, ..., L1, E1 und E2 in Abbildung (2.2) klassifizieren die
Subba¨nder nach ihren Blochkomponenten aus Gl. (2.4). Die Bezeichnung fu¨r die schweren Loch-
Zusta¨nde ist sinnvoll, da diese Zusta¨nde bei k = 0 entkoppelt sind und die Envelopefunktion nur
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Abbildung 2.4: Envelopefunktionen E2, E1 und L1 eines 40 A˚HgTe-Hg0.32Cd0.68Te-Quanten-
troges. Zusa¨tzlich ist im oberen Teil die Aufenthaltswahrscheinlichkeit gezeigt [2].
Abbildung 2.5: Envelopefunktionen E2, E1 und L1 eines 150 A˚HgTe-Hg0.32Cd0.68Te-Quanten-
troges. Zusa¨tzlich ist im oberen Teil die Aufenthaltswahrscheinlichkeit gezeigt [2].
eine Komponente entha¨lt, wobei H1 den Grundzustand bezeichnet mit einer Envelopefunktion
ohne Knoten und Hi entsprechend mit i−1 Knoten und i = 1, 2, ... . Alle anderen Lo¨sungen des
Kane-Modells weisen auf Grund der starken Kopplung eine große Mischung der Blochfunktionen
auf, sodass die Klassifizierung nach der Blochkomponente mit der kleinsten Knotenzahl i − 1
der Envelopefunktion vorgenommen wird [2].
In Abbildung (2.4) sind die Envelopefunktionen E2, E1 und L1 eines 40 A˚-HgTe-Hg0.32Cd0.68Te-
Quantentroges zusammen mit der Summe der Betragsquadrate der einzelnen Envelopefunktio-
nen, das ist auf Grund der Orthogonalita¨t der Blochfunktionen, die Aufenthaltswahrschein-
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lichkeit der gesamten Wellenfunktion ψ(r), eingetragen. Der U¨bersichtlichkeit wegen wurde auf
die Γ7-Komponente verzichtet, deren Beitrag in Systemen mit großer Spin-Bahnaufspaltung Δ
vernachla¨ssigbar ist [2]. In Abbildung (2.4) wird deutlich wie stark die einzelnen Blochkompo-
nenten der Envelopefunktion koppeln und zur Envelopefunktion beitragen.
In Abbildung (2.5) sind die Zusta¨nde gleicher Klassifikation fu¨r einen 150 A˚HgTe-Hg0.32Cd0.68Te-
Quantentrog entsprechend aufgetragen. Aufgrund der erho¨hten Aufenthaltswahrscheinlichkeit
an der Grenzfla¨che von HgTe und Hg1−xCdxTe werden die Zusta¨nde E1 und L1 Grenzfla¨chen-
zusta¨nde genannt.
2.5 Die Berechnung des optischen Absorptionskoeffizienten
Der optische Absorptionskoeffizient wird bestimmt durch die komplexe dielektrische Funktion
(ω) und ist gegeben durch:
α(ω) =
ω
c
√
22(ω
)
√
1(ω) + |(ω)| (2.7)
mit (ω) = 1(ω)+ i2(ω). Die Dielekterische Funktion (ω) wird mit Hilfe der Kubo-Formel fu¨r
die dynamische Leitfa¨higkeit σ(ω) berechnet, wobei sich zuna¨chst der Zusammenhang wie folgt
darstellt:
(ω) = R(ω) + i
σ(ω)
ω0
(2.8)
In Gleichung 2.8 ist R(ω) der Beitrag des Gitters und aller energetisch entfernter Dipolu¨berga¨nge
enthalten und ist im Bereich der untersuchten Absorptionsspektren konstant, Seite [143].
σ(ω) =
e2
V
∫ ∞
0
e−iωtdt
∫ β
0
dλSp[ρv(ih¯λ)v(t)]
= π
e2
V ω
∑
α,β
|vαβ|2δ(h¯ω + h¯ωαβ(fα − fβ))
+i
e2h¯
V
∑
α,β
|vαβ |2 1
h¯ωαβ
(fα − fβ)
h¯ω + h¯ωαβ
Hier steht α und β fu¨r den Summenindex u¨ber alle Subbandzusta¨nde Fα = Fn(k)(z) mit der En-
ergie Eα = En(k), h¯ωαβ = Eα−Eβ und f ist die Fermi-Funktion. Der Dipoloperator zur Berech-
nung der optischen U¨berga¨nge ist im k · p-Bandstrukturschema durch den Geschwindigkeitso-
perator gegeben
v =
1
h¯
∂H
∂k
. (2.9)
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Abbildung 2.6: Normal halbleitende Bandstruktur (links) eines HgTe-Hg0.32Cd0.68Te-U¨bergit-
ters und einige berechnete Dipolu¨berga¨nge (rechts) als Funktion des Wellenvektors k .
Der Hamilton-Operator H ist gegeben durch Gl. (2.5).
In Abbildung (2.6) ist die normal halbleitende Bandstruktur (links) eines HgTe-Hg0.32Cd0.68Te-
U¨bergitters, Seite [110] und die Dipolmatrixelemente (rechts) einiger ausgewa¨hlter U¨berga¨nge
gezeigt. Die Dipolmatrixelemente sind nur schwach vera¨nderlich mit der Minibanddispersion kz,
wa¨hrend in der Ebene senkrecht dazu, die Dipolmatrixelemente sehr stark von dem Wellenvektor
k‖ abha¨ngen. Manche U¨berga¨nge, die symmetriebedingt bei k‖ = 0 verboten sind, schalten auf
Grund der Mischung der Zusta¨nde mit endlichem k‖ ein.
Weitere Beipiele fu¨r die k-Abha¨ngigkeit der Dipolmatrixelemente, die erstmals vom Autor fu¨r
Typ-III-Halbleiterheterostrukturen im Kane-Modell ausgerechnet wurden, sind auf den Seiten
[91] und [143] diskutiert.
Im na¨chsten Kapitel wird der experimentell bestimmte Absorptionskoeffizient α mittels Infrarot-
Fourier-Transmissionsspektroskopie mit den berechneten Absorptionskoeffizienten verglichen.
Es zeigt sich, dass die gemessenen Dipolu¨berga¨nge im untersuchten Energiebereich den Vorher-
sagen der Bandstrukturrechnung quantitativ zugeordnet werden ko¨nnen.
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Kapitel 3
Optische Eigenschaften von
Typ-III-Halbleiterheterostrukturen
In diesem Kapitel werden die wesentlichen Ergebnisse aus dem Vergleich der berechneten Absorp-
tionskoeffizienten von HgTe-Hg1−xCdxTe-U¨bergitter mit denen aus Infrarotabsorptionsexperi-
menten zusammengefasst. Es zeigt sich, dass auf Grund der quantitativen U¨bereinstimmung,
die gemessenen Intersubbandu¨berga¨nge zugeordnet und aus den berechneten Bandstrukturen
eindeutig identifiziert werden ko¨nnen.
Daru¨ber hinaus stellt der Vergleich unter Beweis, dass auch fu¨r die hier untersuchten Typ-III-
Halbleiterheterostrukturen die Envelopefunktionenna¨herung eine leistungsfa¨hige Methode zur
Berechnung von elektronischen Zusta¨nden komplexer Bandstrukturen darstellt.
Die Berechnungen von Landau-Zusta¨nden zum Versta¨ndnis der magneto-optischen Messdaten
und der Magneto-Transportuntersuchungen an dotierten HgTe-Hg1−xCdxTe-Quantentrogstruk-
turen fu¨hrt u¨ber die Untersuchungen in diesem Kapitel hinaus und wurde von Pfeuffer-Jeschke
[2], auf der Grundlage der hier vorgestellten Arbeiten und in Anlehnung an die Arbeiten des
Autors zu IV-IV-Halbleiterheterostrukturen im Anhang [B], sehr erfolgreich durchgefu¨hrt.
3.1 Der optische Absorptionskoeffizient von HgTe-Hg1−xCdxTe-
U¨bergittern
Das Infrarotspektrum des Absorptionskoeffizienten α(ω) zeigt bei normal halbleitenden HgTe-
Hg1−xCdxTe-U¨bergittern im untersuchten Frequenzbereich des nahen und mittleren Infrarot
zwei charakteristische Absorptionskanten, die den Dipolu¨berga¨ngen H1-E1 und L1-E1 der zuge-
ho¨rigen Energien der Subbandfunktionen H1, L1 und E1 zugeordnet werden ko¨nnen. Diese
eindeutige Zuordnung erfolgt nicht allein auf Grund der energetischen Lage, sondern vielmehr
aus der exzellenten U¨bereinstimmung der absoluten Ho¨he der Absorptionskanten, die sich bei
der Berechnung des Absorptionskoeffizienten allein aus der zugrundegelegten Bandstruktur fu¨r
Hg1−xCdxTe und den daraus berechneten Dipolmatrixelementen ergeben.
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Abbildung 3.1: Absorptionskoeffizient als Funktion der Wellenzahl fu¨r ein HgTe-Hg0,3Cd0,7Te-
U¨bergitter. Die Dicke der HgTe-Schicht ist dabei mit dw und die der Hg1−xCdxTe-Schicht mit
db bezeichnet. Die Energien der Intersubbandu¨berga¨nge fallen mit den Maxima der Ableitung
zusammen. Die Breite der berechneten Miniba¨nder bei k‖ = 0 ist grau gezeichnet [4].
Die energetische Lage des U¨bergangs H1-E1 hingegen wird im Wesentlichen durch die Dicke der
HgTe-Schicht und die Energiedifferenz zwischen H1 und L1 durch den Valenzbandoffset zwis-
chen HgTe und Hg1−xCdxTe bestimmt. In Abbildung (3.1) sind die beiden Absorptionskanten
exemplarisch fu¨r ein HgTe-Hg0,3Cd0,7Te-U¨bergitter mit 100 Perioden gezeigt [4]. Die HgTe-
Schichtdicke dw mit dw = 32 A˚ und die Hg1−xCdxTe-Schichtdicke db mit db = 75 A˚ sind mittels
Ro¨ntgendiffraktometrie bestimmt.
Den Absorptionskanten in der Transmission T sind in der Infrarot-Fourier-Spektroskopie bei
den Probendicken d mit d ≈ 1 μm geometrische Interferenzeffekte u¨berlagert, Seite [107], die
selbst mit einer aufwendigen Kramers-Kronig-Transformation nicht vollsta¨ndig unterdru¨ckt wer-
den ko¨nnen. Die genaue energetische Lage und Form der Absorptionskanten kann jedoch mittels
eines Doppelexperiments bestimmt werden. Dazu wird die Transmission T fu¨r zwei leicht un-
terschiedliche Temperaturen gemessen. Es gilt in sehr guter Na¨herung [Seite 77]:
ΔT
T
≈ dΔα. (3.1)
Gleichung (3.1) besagt, dass die A¨nderung des Absorptionskoeffizienten Δα mit der Temperatur
direkt aus dem Verha¨ltnis der entsprechenden Transmissionspektren bestimmt werden kann.
Dabei ko¨nnen die relevanten U¨bergangsenergien der Minibanddispersion (grau) in Abbildung
(3.1) direkt den Maxima von Δα zugeordnet werden. Dieses Verfahren wurde sehr erfolgreich auf
die Infrarotabsorptionsexperimente zur Bestimmung der hydrostatischen Deformationspoten-
21
Abbildung 3.2: Experimentell bestimmte Energien der Dipolu¨berga¨nge H1-E1 und L1-E1 als
Funktion der Temperatur fu¨r ein (112)B-HgTe-Hg0.05Cd0.95-U¨bergitter. Das Verhalten legt den
linearen Temperaturkoeffizienten ΔEE1−L1/ΔT fest.
ziale von HgTe angewendet, Seite [25] und [70].
3.2 Die Temperaturabha¨ngigkeit des Valenzbandoffsets
Erst die systematischen Untersuchungen der Transmissionsspektren an vielen (001) und (112)B
orientierten HgTe-Hg1−xCdx-U¨bergittern in sa¨mtlichen Regimen der komplexen Bandstruktur,
von der normal halbleitenden bis hin zu den invertiert halbleitenden Strukturen, erlauben die
quantitative Bestimmung des Valenzbandoffsets Λ zwischen HgTe und Hg1−xCdxTe und daru¨ber
hinaus dessen Temperaturabha¨ngigkeit.
Diese systematischen Untersuchungen sind in Wu¨rzburg mo¨glich, da die Proben mit dem Ver-
fahren der Molekularstrahlepitaxie kontrolliert und nach Wunsch hergestellt werden ko¨nnen.
Die absolute Gro¨ße des Valenzbandoffsets bei tiefen Temperaturen wurde nach langja¨hriger
kontroverser Diskussion 1995 erstmals von Truchsess et. al. [Seite 107ff], aus magneto-optischen
Daten und dem Vergleich mit den vorliegenden Bandstrukturrechnungen des Autors in dem
heute gu¨ltigen Energiebereich von Λ = (570 ± 40) meV bestimmt.
Die systematischen Untersuchungen von Becker et. al., Seite [76ff] und [87ff], ermo¨glichten
daru¨ber hinaus auch die Temperaturabha¨ngigkeit des Valenzbandoffsets zu bestimmen.
Die Absorptionskanten verschieben mit zunehmender Temperatur zu ho¨heren Energien. Die
Differenz der gemessenen Dipolu¨berga¨nge H1-E1 und L1-E1 verschiebt dabei im untersuchten
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Abbildung 3.3: Experimentell bestimmte lineare Temperaturkoeffizienten als Funktion der Dif-
ferenz der gemessenen Dipolu¨bergangsenergien bei T = 5K fu¨r 13 verschiedene (112)B-HgTe-
Hg0.05Cd0.95-U¨bergitter mit normal halbleitender Bandstruktur. Die Anpassung an die berech-
neten Bandstrukturen legt die Temperaturabha¨ngigkeit des Valenzbandoffsets und der negativen
Energielu¨cke von HgTe fest (duchgezogene Linie).
Temperaturbereich linear zu niedrigen Energien mit ΔEE1−L1/ΔT . Dieses Verhalten ist in
Abbildung (3.2) exemplarisch fu¨r ein (112)B-HgTe-Hg0.05Cd0.95-U¨bergitter gezeigt.
Dieses gemessene Temperaturverhalten rechtfertig die systematische Betrachtung zu dem line-
aren Temperaturkoeffizienten ΔEE1−L1/ΔT .
In Abbildung (3.3) ist die Temperaturabha¨ngigkeit des energetischen Abstandes der Absorp-
tionskanten, der lineare Temperaturkoeffizient ΔEE1−L1/ΔT als Funktion des Abstandes selbst
fu¨r 13 verschiedene HgTe-Hg1−xCdx-U¨bergitter aufgetragen.
Die berechnete lineare Temperaturkoeffizient fu¨r die beteiligten Subba¨nder E1 und L1 wird
lediglich durch zwei Parameter bestimmt. Das sind der lineare Temperaturkoeffizient des Valenz-
bandoffsets dΛdT und die Temperaturabha¨ngigkeit der negativen Energielu¨cke von HgTe, Eg(0, T ).
Nach der Methode der kleinsten Quadrate zur Anpassung der jeweils 13 berechneten Bandstruk-
turen an die Messergebnisse ergibt sich fu¨r die beiden zu bestimmenden Parameter:
dΛ
dT
= (−0, 40 ± 0, 04) meV
K
(3.2)
und
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Eg(0, 300K) = (−160± 2) meV. (3.3)
Die Ergebnisse sind in Abbildung (3.3) eingetragen und wurden durch systematische Unter-
suchungen an invertiert halbleitenden HgTe-Hg1−xCdxTe-U¨bergittern besta¨tigt [Seite 87ff].
Das Ergebnis aus Gl. (3.3) wurde in die empirische Beziehung der Energielu¨cke von Hg1−xCdxTe,
Eg(x, T ), aufgenommen [Seite 78]:
Eg(x, T ) = −303(1 − x) + 1606x − 132x(1 − x)
+0.1T 2
4.95(1 − x) + 3.25x − 3.93x(1 − x)
T + 11(1 − x) + 78.7x .
3.3 Deformationspotenziale des Halbmetalls HgTe
Die hydrostatischen Deformationspotenziale des Leitungsbandes C und des Valenzbandes a sind
wichtige Parameter fu¨r die Bestimmung von Verspannungseffekten in Halbleiterheterostruk-
turen, sie sind aber experimentell nicht direkt zuga¨nglich. Die Differenz C − a hingegen kann
aus der Druckabha¨ngigkeit der Energielu¨cke und experimentell aus der Verschiebung der Exzi-
tonenabsorption oder Photolumineszenz in Abha¨ngigkeit des hydrostatischen Druckes bestimmt
werden. Diese experimentellen Methoden schlagen bei einem Halbmetall wie HgTe fehl.
Es ist in der vorliegenden Arbeit gelungen aus dem Vergleich der Bandstrukturberechnungen
in Abha¨ngigkeit des hydrostatischen Druckes P , die Druckexperimente an HgTe-Hg1−xCdxTe-
U¨bergittern einheitlich zu beschreiben und die Differenz C − a der hydrostatischen Deforma-
tionspotenziale von HgTe zu bestimmen.
Die quantitative Beschreibung der optischen Eigenschaften von Halbleiterheterostrukturen aus
dem Ansatz, bekannte Volumeneigenschaften ergeben neue und maßgeschneiderte Heterostruk-
tureigenschaften, la¨ßt somit auch den Umkehrschluss zu: Aus bekannten Heterostruktureigen-
schaften werden unbekannte Volumeneigenschaften bestimmt.
Allgemein werden Verspannungseffekte durch den Formalismus von Bir und Pikus beschrieben,
wobei Terme proportional zum Verspannungstensor  in den Hamilton-Operator aus Gl. (2.5)
hinzuaddiert werden: Hnn′ + HBPnn′ . Der Bir-Pikus-Hamilton-Operator H
BP wird formal durch
folgende Substitution der Matrixelemente in Gl. (2.5) aufgestellt:
kikj → ij. (3.4)
Die Komponenten des Verspannungstensors ij transformieren wie das Produkt der Wellen-
vektorkomponenten kikj . Die Bandstrukturparameter in Gl. (2.5) werden formal durch die
Deformationspotenziale ersetzt:
h¯2
2m0
(2F + 1) → C,
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h¯2
m0
γ1 → −2a,
h¯2
m0
γ2 → −b, (3.5)
h¯2
m0
γ3 → − 1√
3
d,
mit den bereits eingefu¨hrten hydrostatischen Deformationspotenzialen C und a und den uniax-
ialen Deformationspotentialen b and d.
Der Bir-Pikus-Hamilton-Operator fu¨r eine [001]-Halbleiterheterostruktur ergibt sich mit der
beschriebenen Substitution der Matixelemente aus Gl. (2.5) zu [3]:
HBP =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
T 0 0 0 0 0 0 0
0 T 0 0 0 0 0 0
0 0 U + V S R 0 − 1√2S −
√
2R
0 0 S† U − V 0 R
√
2V
√
3
2S
0 0 R† 0 U − V −S
√
3
2S
†
 −
√
2V
0 0 0 R† −S† U + V
√
2R† − 1√2S†
0 0 − 1√
2
S†
√
2V
√
3
2S
√
2R U 0
0 0 −√2R†
√
3
2S
†
 −
√
2V − 1√2S 0 U
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
mit
T = C Sp(),
U = a Sp(),
V =
1
2
b(xx + yy − 2zz), (3.6)
S = −d(xz − iyz),
R = −
√
3
2
b(xx − yy) + idxy
und der u¨blichen Abku¨rzung: Sp() = xx + yy + zz .
Das vorgestellte Verfahren zur Aufstellung des Bir-Pikus-Hamilton-Operators kann aus den
entsprechenden Symmetrie-U¨berlegungen fu¨r eine beliebige Richtung [hkl] verallgemeinert wer-
den und ist fu¨r die ha¨ufig untersuchten [112]-Heterostrukturen fu¨r [kkl] bei Pfeuffer-Jeschke [2]
angegeben.
Die Effekte einer uniaxialen Verspannung sind in den untersuchten HgTe-Hg1−xCdxTe-U¨bergit-
tern auf Grund der sehr guten Gitteranpassung vernachla¨ssigbar, sodass die Terme proportional
zu den uniaxialen Deformationspotenzialen b und d in Gl. (3.6) verschwinden. Die Bir-Pikus-
Hamilton-Matrix HBP ist bei einer hydrostatischen Deformation diagonal und entha¨lt nur noch
Elemente, die proportional zur Spur des Verspannungstensors Sp() ist.
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Abbildung 3.4: Druckabha¨ngigkeit der Intersubbandu¨berga¨nge H1-E1 und L1-E1 fu¨r ein HgTe-
Hg0.3Cd0.7Te-U¨bergitter mit einer Trogbreite von 33 A˚ (HgTe) und einer Barrierenbreite 78 A˚
(Hg0.3Cd0.7Te).
Die Abha¨ngigkeit von  vom hydrostatischen Druck P ist dabei u¨ber die Zustandsgleichung von
Murnaghan gegeben:
Sp() = −1 + (1 + B1
B0
P )−1/B1 , (3.7)
mit dem Bulkmodul B(P ) = B0 + B1P . Die Werte von B0 und B1 sind aus ro¨ntgen-kristallo-
graphischen Experimenten an HgTe und CdTe bekannt, und werden fu¨r Hg1−xCdxTe linear
interpoliert [4]. Die Ergebnisse der Druckexperimente an zwei HgTe-Hg0.3Cd0.7Te- U¨bergittern
sind in [4] und Seite [68ff] zusammengestellt.
Der Vergleich der experimentell beobachteten Verschiebung der Intersubbandu¨berga¨nge H1-E1
und L1-E1 mit den Berechnungen des druckabha¨ngigen Absorptionskoeffizienten liefert:
C − a = (3, 69 ± 0, 10) eV. (3.8)
Aus der Verringerung der energetischen Aufspaltung von L1 und H1 mit ansteigendem hydro-
statischen Druck wird die Druckabha¨ngigkeit des Valenzbandoffsets Λ bestimmt zu:
dΛ
dP
= (−25± 2) meV
GPa
. (3.9)
Die Druckabha¨ngigkeit des Heterostrukturparameters Λ kann auf Grund der praktisch gleichen
Werte fu¨r die Bulkmoduln B(P ) von HgTe und CdTe auf die Differenz der Deformationspoten-
ziale aHgTe − aCdTe zuru¨ckgefu¨hrt werden. Es gilt:
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Abbildung 3.5: Werte von C−a und aHgTe−aCdTe als Funktion der HgTe-Schichtdicke dHgTe die
notwendig sind, um die experimentell bestimmte Druckabha¨ngigkeit der Intersubbandu¨berga¨nge
eines HgTe-Hg0.3Cd0.7Te-U¨bergitters zu reproduzieren.
aHgTe − aCdTe ≈ −BCdTe0
dΛ
dP
(3.10)
und hieraus mit B0 = 42, 5 GPa der Wert fu¨r
aHgTe − aCdTe = (1, 31 ± 0, 10) eV. (3.11)
Die Aussage ”Aus bekannten Heterostruktureigenschaften werden unbekannte Volumenparame-
ter abgeleitet”, wird aber erst dann u¨berzeugend und als Untersuchungsmethode zuverla¨ssig,
wenn die Bestimmung der Volumenparameter, hier die Deformationspotenziale, nur schwach
von den Heterostrukturparametern abha¨ngen. Das ist vor allem die Schichtdicke des zu unter-
suchenden Volumenmaterials, hier des Halbmetalls HgTe.
In Abbildung (3.5) sind die berechneten Werte fu¨r die hydrostatischen Deformationspotenziale
von HgTe C − a und aHgTe − aCdTe um die experimentell bestimmten Intersubbandu¨bergangse-
nergien zu reproduzieren, als Funktion der Dicke der HgTe-Schicht dHgTe aufgetragen. Eine
Unsicherheit in der Schichtdicke von ±5 A˚, also weit oberhalb der experimentellen Genauigkeit
von ro¨ntgen-diffraktometrischen Untersuchungen, liefert lediglich einen Fehler in der Bestim-
mung der Deformationspotenziale von ±0, 10 eV. Dies besta¨tigt in beeindruckender Weise die
getroffene Aussage.
Kapitel 4
Zusammenfassung
Seit drei Jahrzehnten wird die Envelopefunktionenna¨herung (EFA) sehr erfolgreich bei der In-
terpretation der experimentellen Ergebnisse von (magneto)-optischen Untersuchungen an Halb-
leiterheterostrukturen eingesetzt. Der Erfolg basiert auf der effektiven Beschreibung der quan-
tisierten elektronischen Zusta¨nde an Halbleitergrenzfla¨chen, in Quantentro¨gen und U¨bergittern
und der Einzigartigkeit, zur Berechnung der experimentellen Ergebnisse, die Abha¨ngigkeit von
a¨ußeren Parametern, wie der Temperatur und des hydrostatischen Druckes, aber auch eines
elektrischen und magnetischen Feldes, wie auch von freien Ladungstra¨gern, ein zu arbeiten. Die
sehr gute quantitative U¨bereinstimmung der theoretischen Berechnungen in der Envelopefunk-
tionenna¨herung und vieler experimenteller Messergebnisse an Halbleiterheterostrukturen baut
auf der quantitativen Bestimmung der relevanten Bandstrukturparameter in der k ·p-Sto¨rungs-
theorie zur Beschreibung der elektronischen Eigenschaften der beteiligten Volumenhalbleiter
auf.
Zum Versta¨ndnis vieler Experimente an Volumenhalbleitern ist es dabei nicht notwendig, die
Bandstruktur in der gesamten Brillouin-Zone zu kennen, sondern lediglich in der Umgebung der
relevanten Bandextrema. Bei den vorliegenden Experimenten an den II-VI-Halbleitermaterial-
ien, HgTe und CdTe, die in der Zinkblendestruktur kristallisieren, ist dies – wie bei den III-V-
Halbleitermaterialien, GaAs und GaAlAs – der Γ-Punkt, im Zentrum der Brillouin-Zone und
dessen Bandextrema, dem Minimum des Leitungsbandes Γ6 und dem Maximum des Valenzban-
des Γ8.
Seit 1988 werden mit dem Verfahren der Molekularstrahlepitaxie (MBE) am Physikalischen In-
stitut der Universita¨t Wu¨rzburg Halbleiterheterostrukturen aus dem Halbleitermaterialsystem
Hg1−xCdxTe hergestellt. Mit diesem Verfahren ist es mo¨glich, Bandstrukturen mit spezifischen
Eigenschaften herzustellen (band structure engineering). Unter diesen neuen Materialien stellen
die Typ-III-U¨bergitter eine besondere Klasse dar. Bei diesen Materialstrukturen wird eine nur
wenige Atomlagen dicke Schicht von 30 A˚bis 100 A˚ aus dem Halbmetall HgTe in eine Legierung
aus Hg1−xCdxTe eingebettet und zu einem U¨bergitter aufgebaut. Das gezielte Wachstum im
MBE-Verfahren ermo¨glicht nun die Variation der Bandstruktur und damit die optische Absorp-
tion im infraroten Spektralbereich.
Aus den Berechnungen der Bandstruktur dieser Typ-III-U¨bergitter in der Envelopefunktionsna¨-
herung und der entsprechenden Absorptionsspektren im Vergleich zu den experimentellen Ergeb-
28
nissen der Infrarot-Fourier-Spektroskopie und der ro¨ntgen-diffraktometrischen Bestimmung der
HgTe-Schichtdicke, ist es erstmals gelungen, den charakteristischen Strukturparameter, den
Valenzbandoffset Λ sehr genau zu bestimmen und daru¨ber hinaus dessen Temperaturabha¨n-
gigkeit anzugeben: Λ(T ) = (570 − 0, 40T/K)meV.
Die Strukturen in den Absorptionsspektren ko¨nnen quantitativ den Dipolu¨berga¨ngen der betei-
ligten Subba¨nder der Typ-III-U¨bergitter zugeordnet werden. Insbesondere ko¨nnen die Grenz-
fla¨chenzusta¨nde identifiziert werden.
Die quantitative Beschreibung der optischen Eigenschaften von Halbleiterheterostrukturen aus
dem Ansatz, bekannte Volumeneigenschaften ergeben neue und maßgeschneiderte Heterostruk-
tureigenschaften, la¨ßt auch den Umkehrschluss zu: Aus bekannten Heterostruktureigenschaften
werden unbekannte Volumeneigenschaften bestimmt. Aus diesem neuen Ansatz heraus wur-
den erstmals Druckexperimente an Typ-III-U¨bergitter durchgefu¨hrt und daraus die Differenz
der hydrostatischen Deformationspotenziale C − a von HgTe sehr genau zu (−3, 69 ± 0, 10) eV
bestimmt.
Die Berechnung der elektronischen Zusta¨nde in Heterostrukturen wurde in der Envelopefunk-
tionsna¨herung durchgefu¨hrt und als numerisches Eigenwertproblem u¨ber die Matrixmethode
formuliert, einem Variationsverfahren, in dem die einzelnen Komponenten der Envelopefunktio-
nen nach einem vollsta¨ndigen Funktionensystem entwickelt werden.
Auf Grund der schlechten Konvergenz bei der Berechnung der Grenzfla¨chenzusta¨nde in Typ-III-
Quantentrogstrukturen wurde ein neues Funktionensystem konstruiert, welches fu¨r sa¨mtliche,
untersuchten Heterostrukturen – vom P-Typ-Inversionskanal in Germanium-Bikristallen, u¨ber
GaAs-GaAlAs-Quantentrogstrukturen bis hin zu Typ-III-U¨bergittern – die erforderliche Kon-
vergenz zeigt. Die einzelnen Komponenten der Envelopefunktionen werden durch sehr wenige,
10 - 20, Basisfunktionen sehr genau approximiert. Pfeuffer-Jeschke [1] konnte so die elektro-
nischen Zusta¨nde im Magnetfeld, die Landau-Zusta¨nde, fu¨r Typ-III-Halbleiterheterostrukturen
selbstkonsistent berechnen.
[1] A. Pfeuffer-Jeschke, Dissertation, Physikalisches Institut der Univerita¨t Wu¨rzburg, (2000)
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4.1 Electron states in type III semiconductor heterostructures
For three decades the envelope function approximation (EFA) has been very successful in the
interpretation of experimental results of magneto-transport and optical investigations of semi-
conducting heterostructures. Its success is based on the ability to describe the quantized electron
states in semiconductor interfaces, quantum wells and superlattices combined with its unique
ability to include the influence of external parameters such as temperature and hydrostatic pres-
sure as well as electric and magnetic fields and the incorporation of free charge carriers. The
excellent quantitative agreement between theoretical calculations using the envelope function
approximation and numerous experimental results depends on the quantitative determination
of the corresponding band structure parameters in the k · p perturbation theory required to
correctly describe the electronic properties of the bulk semiconductors in the heterostructure in
question.
In order to understand numerous experiments on bulk semiconductors it is not necessary to
know the band structure in the entire Brillouin zone. Knowledge is merely required near the
corresponding band structure extrema. In the experiments considered here on the II-VI materials
of HgTe and CdTe, which crystallize in the zinc blende structure, as well as III-V materials such
as GaAs and GaAlAs, the Γ- point in the center of the Brillouin zone is of primary importance,
where the Γ6 conduction band has a minimum and the Γ8 valence band a maxima.
Since 1988 Molecular beam epitaxy (MBE) has been employed at the physics department
(Physikalisches Institut) of the University of Wu¨rzburg to produce semiconducting heterostruc-
tures based on Hg1−xCdxTe. With this method it is possible to produce materials with a
particular band structure and specific properties (band structure engineering). Among these
new heterostructures, type III superlattices represent an unique class. In these structures, thin
layers (30 - 100) A˚ of only a few atomic layers of the semimetallic HgTe are alternated with lay-
ers of the Hg1−xCdxTe alloy to form a superlattice. The resulting growth by the MBE method
permits superlattices with the desired band structure to be produced and the corresponding
optical absorption in the infrared spectral range.
From a comparison of the band structure of these type III superlattices by means of the envelope
function approximation and the resulting absorption spectrum with the experimental results
from infrared spectroscopy it was possible for the first time to determine a precise value for the
valence band offset, Λ, a characteristic heterostructure parameter, as well as its temperature
dependence, i.e., Λ(T ) = (570 − 0.40T/K)meV. Hereby HgTe thicknesses were determined by
high resolution x-ray diffraction.
Structure in the absorption spectra could be quantitatively assigned to dipole transitions between
the involved subbands of the type III superlattice.
The quantitative description of the optical properties of semiconducting heterostructures from
the Ansatz that known bulk properties result in new and tailor made properties can also be
stated conversely; from known heterostructure properties unknown properties of bulk materials
can be determined. Using this corollary, first direct experimental determination of the difference
of the hydrostatic deformation potentials, C−a, of HgTe with high precision, (−3.69 ± 0.10) eV,
by means of hydrostatic pressure experiments on type III superlattices were carried out.
Calculations of the electron states in heterostructures were carried out in this dissertation.
30
Hereby the envelope function approximation was employed whereby the numerical eigenvalue
problem was formulated in terms of the matrix method in which the individual components of
the envelope functions were expanded from a complete set of functions.
Because of the poor convergence in the calculations of interface states in type III quantum well
structures, a new set of functions was constructed, which results in the required convergence for
all heterostructures: from a p-type inversion channel in Ge bi-crystals, including GaAs-GaAlAs
quantum well structures, to type III superlattices. The individual components of the envelope
functions were very precisely approximated by only a very few, 10 - 20, basis functions. This
allowed Pfeuffer-Jeschke [1] to self-consistently calculate the electron states in a magnetic field,
Landau levels, for type III heterostructures.
[1] A. Pfeuffer-Jeschke, Ph.D. thesis, Physikalisches Institut der Univerita¨t Wu¨rzburg, (2000)
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Anhang A
Legendre-Approximation
Die grundlegende Idee der Matrixmethode zur Berechnung der Envelopefunktion elektronischer
Zusta¨nde in Halbleiterheterostukturen zeigt sich im Konstruktionsprinzip der Basisfunktionen:
Die Envelopefunktion wird nach einem vollsta¨ndigen Satz lokal orthogonaler Funktionen en-
twickelt [2]. Als Bausteine dieser Entwicklungsfunktionen haben sich die Legendrepolynome
[12] bestens bewa¨hrt. In diesem Anhang sind daher einige nu¨tzliche Beziehungen der Legen-
drepolynome aufgelistet, soweit sie fu¨r die numerische Umsetzung der Matrixmethode beno¨tigt
werden. Daru¨ber hinaus werden wesentliche Eigenschaften der Legendrepolynome im Zusam-
menhang mit der Approximation von Funktionen diskutiert.
Wir beginnen mit der Formel von Rodriguez [12], die als Definitionsgleichung der Legendrepoly-
nome angesehen werden kann
pi(x) :=
1
2ii!
di
dxi
[
(x2 − 1)i
]
fu¨r i = 0, 1, . . .
Damit lauten die ersten Legendrepolynome explizit:
p0(x) = 1, p1(x) = x, p2(x) = 12(3x
2 − 1), p3(x) = 12(5x3 − 3x), p4(x) = 18(35x4 − 30x2 + 3), . . ..
Die Legendrepolynome bilden ein vollsta¨ndiges orthogonales Funktionensystem im Intervall
I = [−1, 1]1. Aus der Formel von Rodriguez lassen sich die beiden grundlegenden Rekursions-
beziehungen der Legendrepolynome herleiten. Wir geben sie an dieser Stelle an:
p−1(x) ≡ 0
p0(x) ≡ 1
pi+1(x) =
2i + 1
i + 1
xpi(x)− i
i + 1
pi−1(x) (A.1)
fu¨r i ≥ 0
d
dx
pi+1(x) =
d
dx
pi−1(x) + (2i + 1)pi(x) (A.2)
1Die Legendrepolynome bilden eine Hilbertbasis [13]. Sie spannen den Hilbertraum L2[−1, 1] der quadratinte-
grablen Funktionen im Intervall I = [−1, 1] auf. Das Skalarprodukt ist definiert als < n′|n >:=
∫ 1
−1 fn′(x)fn(x) dx.
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In Kenntnis dieser Rekursionsbeziehungen wird die Berechnung der Integrale, die wir im Rah-
men der Matrixmethode beno¨tigen, sehr vereinfacht. Die rekursive Berechnung kann ha¨ufig
analytisch oder numerisch exakt durchgefu¨hrt werden. Weiterhin kann die Anwendung von
Rekursionen in der folgenden Darstellung auf andere Funktionensysteme abgebildet werden.
Am Ende des letzten Abschnitts wird dies fu¨r das Orthogonalsystem der Laguerrepolynome
gezeigt.
A.1 Matrixelemente
Wir beno¨tigen fu¨r die numerische Umsetzung der Matrixmethode die Berechnung der folgenden
Integraltypen:
I
(0)
i′,i (f) :=
∫ 1
−1
f(x)pi′(x)pi(x) dx (A.3)
I
(1)
i′,i (f) :=
1
2
∫ 1
−1
f(x)
[
pi′(x)
d
dx
pi(x)− pi(x) ddxpi′(x)
]
dx (A.4)
I
(2)
i′,i (f) :=
∫ 1
−1
f(x)
d
dx
pi′(x)
d
dx
pi(x) dx (A.5)
Die Integrale I(j)i′,i(f) erfu¨llen unter Indexvertauschung die Symmetrierelationen
I
(j)
i,i′ (f) = (−1)jI(j)i′,i(f) fu¨r j = 0, 1, 2 . (A.6)
Im weiteren ko¨nnen wir uns daher bei der Anwendung der Rekursionsbeziehungen Gl.(A.1) und
Gl.(A.2) auf den Fall i′ ≥ i beschra¨nken. Aus der Symmetrierelation Gl.(A.6) folgt fu¨r j = 1
sofort:
I
(1)
i,i (f) = 0
Die Gleichung (A.1) fu¨hrt auf eine Rekursionsbeziehung der Integrale I(0)i′,i (f):
i + 1
2i + 1
I
(0)
i′,i+1(f) +
i
2i + 1
I
(0)
i′,i−1(f)−
[
i′ + 1
2i′ + 1
I
(0)
i′+1,i(f) +
i′
2i′ + 1
I
(0)
i′−1,i(f)
]
= 0 (A.7)
Eine genaue Inspektion von Gl.(A.7) zeigt, daß eine Auswertung der Rekursion nur durch Vor-
gabe einiger Integrale mo¨glich ist. Beschra¨nken wir uns auf i′, i = 0, 1, . . . , N −1, so sind N ×N
Integrale zu berechnen, die wir in einem entsprechenden Matrixschema anordnen. Die Vorgabe
der I(0)i,0 (f) fu¨r i = 0, 1, . . . , N − 1 reicht dabei nicht aus, wir mu¨ssen zusa¨tzlich die I(0)i,i (f) fu¨r
i = 1, 2, . . . , N − 1 angeben, d. h. es mu¨ssen 2N − 1 Matrixelemente vorgegeben werden. Die
Matrixelemente I(0)i,0 (f) entsprechen bis auf einen konstanten Faktor den Legendrekoeffizienten
der Funktion f(x), die in Abschnitt A.2 im Zusammenhang mit der Approximation von Funktio-
nen durch Legendrepolynome diskutiert werden. Die Matrixelemente I(0)i,i (f) sind dagegen nicht
direkt zuga¨nglich. Es ist daher viel geschickter die Rekursionsbeziehung Gl.(A.7) fu¨r das N ×N
Matrixschema mit der Angabe der Integrale I(0)i,0 (f) fu¨r i = 0, 1, . . . , 2N − 2 zu starten. Dies
erfordert lediglich die Kenntnis der ersten 2N − 1 Legendrekoeffizienten von f(x), wir werden
spa¨ter noch einmal auf diesen wichtigen Sachverhalt zuru¨ckkommen.
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Die beiden Integraltypen I(1)i′,i (f) und I
(2)
i′,i (f) aus Gln.(A.4) und (A.5) enthalten jeweils die erste
Ableitung der Legendrepolynome, so daß die Rekursionsbeziehungen der Matrixelemente im
N × N Matrixschema aus Gl.(A.2) gewonnen werden. Wir fassen die Ergebnisse fu¨r j = 1, 2
zusammen:
I
(j)
i′+1,i+1(f)− I(j)i′−1,i+1(f)−
[
I
(j)
i′+1,i−1(f)− I(j)i′−1,i−1(f)
]
= c(j)i′+1,i+1(f) fu¨r j = 1, 2 (A.8)
c
(1)
i′+1,i+1(f) :=
2i + 1
2
[
I
(0)
i′+1,i(f)− I(0)i′−1,i(f)
]
− 2i
′ + 1
2
[
I
(0)
i′,i+1(f)− I(0)i′,i−1(f)
]
c
(2)
i′+1,i+1(f) := (2i
′ + 1)(2i + 1)I(0)i′,i (f)
(A.9)
Das Symmetrieverhalten der c(j)i′,i(f) unter Indexvertauschung lautet: c
(1)
i,i′(f) = −c(1)i′,i(f) und
c
(2)
i,i′(f) = c
(2)
i′,i(f). Mit Gleichung (A.8) ist die Berechnung der beno¨tigten Integraltypen u¨ber die
Definition der c(j)i′,i(f) aus Gl.(A.9) insgesamt auf die Bestimmung der Legendrekoeffizienten von
f(x) reduziert. Die Rekursion der Matrixelemente I(j)i′,i(f) mit j = 1, 2 wird gestartet durch den
folgenden einfachen Zusammenhang:
I
(j)
i′+1,0(f)− I(j)i′−1,0(f) = c(j)i′+1,0(f) fu¨r j = 1, 2
Geben wir noch an, daß fu¨r i′, i < 0 gilt: I(j)i′,i(f) ≡ 0, so wird die Berechnung der gerade disku-
tierten Integrale innerhalb des N ×N Matrixschemas durchgefu¨hrt.
Wir halten fest: Die Matrixelemente I(j)i′,i(f) fu¨r j = 0, 1, 2 im N×N Matrixschema sind u¨ber die
entspechenden Rekursionsformeln Gln.(A.7) und (A.8) verknu¨pft und durch Vorgabe der ersten
2N − 1 Legendrekoeffizienten (∝ I(0)i,0 (f)) exakt bestimmt. Das aber heißt, daß in dem N × N
Matrixschema der Funktion f(x) ausschließlich die Information der ersten 2N − 1 Legendreko-
effizienten enthalten ist, zusa¨tzliche Koeffizienten mu¨ssen nicht berechnet werden.
Ein wichtiges Beispiel fu¨r die Anwendung der Rekursionsrelationen Gln.(A.7),(A.8) ist die
Berechnung der Integrale fu¨r die Funktion f(x) ≡ 1, die wir unter Einbeziehung der Orthogo-
nalita¨tsrelation der Legendrepolynome analytisch angeben ko¨nnen. Die Orthogonalita¨tsrelation
lautet [12]:
∫ 1
−1
pi′(x)pi(x) dx =
2
2i + 1
δi′,i fu¨r i′, i = 0, 1, . . . (A.10)
Die linke Seite von Gl.(A.10) entspicht der Definition der I(0)i,0 (f) aus Gl.(A.3) mit f(x) ≡ 1.
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Damit sind die beno¨tigten Matrixelemente bestimmt 2:
I
(0)
i′,i (1) =
2
2i + 1
δi′,i
I
(1)
i′,i (1) = −1δ2[ i′+i
2
],i′+i−1 fu¨r i
′ ≥ i mit I(1)i,i′ (1) = −I(1)i′,i (1)
I
(2)
i′,i (1) = i(i + 1)δ2[ i′+i
2
],i′+i fu¨r i
′ ≥ i mit I(2)i,i′ (1) = I(2)i′,i (1) .
Wenden wir uns nun der Diskussion u¨ber die Approximation von Funktionen durch Legen-
drepolynome zu, die eine elegante Bestimmung der Legendrekoeffizienten einer beliebigen Funk-
tion f(x) aufzeigt und die Berechnung der Matrixelemente I(j)i′,i(f) abschließt.
A.2 Approximation von Funktionen
Eine Anwendung der Vollsta¨ndigkeit der Legendrepolynome pi(x) auf dem Intervall [−1, 1] ist
die eindeutige Darstellung der Funktion f(x) durch ihre Legendrekoeffizienten fi:
f(x) =
∞∑
i=0
fipi(x)
fi :=
∫ 1
−1
f(x)pi(x) dx (A.11)
Die im Allgemeinen rasche Konvergenz der Folge {fi} legt die Approximation der Funktion f(x)
durch eine endliche Anzahl von Legendrekoeffizienten nahe:
f(x) ≈
N−1∑
i=0
fipi(x) (A.12)
In Gleichung (A.12) wird N so gewa¨hlt, daß der Defekt DN (f) kleiner als eine vorgegebene
reelle Zahl  > 0 ist.
DN (f) :=
∫ 1
−1
(f(x))2 dx−
N−1∑
i=0
2
2i + 1
f2i < 
Die Legendrekoeffizienten fi Gl.(A.11) werden u¨ber die Gaußsche Integrationsmethode [7] berech-
net:
∫ 1
−1
f(x) dx ≈
N∑
j=1
ωjf(xj) mit pN (xj) = 0, j = 1, 2, . . . , N (A.13)
2Die symbolische Schreibweise
[
n
2
]
ist fu¨r n ganz wie folgt definiert:
[
n
2
]
:=
⎧⎪⎪⎨
⎪⎪⎩
n
2
fu¨r n gerade
n− 1
2
fu¨r n ungerade
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und ωj = 2
1− x2j
[NpN−1(xj)]2
fi ≈ 2i + 12
N∑
j=1
ωjf(xj)pi(xj) (A.14)
In dieser Formulierung ist die Integrationsmethode exakt fu¨r Polynome f(x) vom Grad ≤ 2N−1.
Nehmen wir nun an die Approximation der Legendrekoeffizienten Gl.(A.14) sei exakt, dann ist
die Approximation der Funktion f(x) Gl.(A.12) an den N Nullstellen xj von pN (x) gleichfalls
exakt3:
f(xj) =
N−1∑
i=0
fipi(xj) mit pN (xj) = 0, j = 1, 2, . . . , N (A.15)
fi :=
2i + 1
2
N∑
j=1
ωjf(xj)pi(xj) (A.16)
Wir greifen die Orthogonalita¨tsrelation der Legendrepolynome Gl.(A.10) auf und beweisen die
Behauptung Gl.(A.15) mit Hilfe der Gaußschen Integrationsmethode Gl.(A.13):
2
2i + 1
δi′,i =
∫ 1
−1
pi′(x)pi(x) dx =
N∑
j=1
ωjpi′(xj)pi(xj) fu¨r i′ + i ≤ 2N − 1 (A.17)
Aus der Definition der Legendrekoeffizienten Gl.(A.16) folgt:
2
2i′ + 1
fi′ =
N−1∑
i=0
2
2i + 1
fiδi′,i =
N∑
j=1
ωjf(xj)pi′(xj) (A.18)
Wir ersetzen δi′,i aus Gl.(A.18) durch den entsprechenden Term in Gl.(A.17):
N−1∑
i=0
fi
N∑
j=1
ωjpi′(xj)pi(xj) =
N∑
j=1
ωjf(xj)pi′(xj)
N∑
j=1
ωj
[
f(xj)−
N−1∑
i=0
fipi(xj)
]
pi′(xj) = 0 fu¨r i′ = 0, 1, . . . , N − 1
Ein Vergleich mit Gl.(A.17) schließt den Beweis ab:
f(xj)−
N−1∑
i=0
fipi(xj) = pN (xj) = 0
Wir halten fest: Sind die Funktionswerte f(xj), j = 1, 2, . . . , N einer beliebigen Funktion an
den Stellen xj , den Nullstellen des Legendrepolynoms pN (x), vorgegeben, so ist die Legendre
3Die Nullstellen xj , j = 1, 2, . . . , N von pN(x) sind reell und einfach; sie liegen alle im offenen Intervall (-1,1):
−1 < x1 < x2 < . . . < xN < 1.
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Approximation dieser Funktion an eben diesen Stellen exakt. Die zugeho¨rigen Legendrekoef-
fizienten fi, i = 0, 1, . . . , N − 1 werden u¨ber ihre Definition Gl.(A.16) berechnet. Sa¨mtliche in
Abschnitt A.1 diskutierten Integraltypen werden durch folgenden Zusammenhang ausgewertet:
I
(0)
i,0 (f) =
2
2i + 1
fi fu¨r i = 0, 1, . . .
Im weiteren listen wir einige Anwendungen der Legendre Approximation auf: Berechnung von
Funktionswerten, Ableitung, Stammfunktion bzw. Nullstellen. Die beiden Rekursionsbeziehun-
gen Gl.(A.1) und Gl.(A.2) spielen hierbei eine zentrale Rolle.
Der Funktionswert f(x) an einer beliebigen Stelle x im Intervall [−1, 1] wird auf sehr elegante
Weise aus der Clenshaw Rekursion [14] gewonnen:
aN+1 = aN = 0
ai =
2i + 1
i + 1
xai+1 − i + 1
i + 2
ai+2 + fi fu¨r i = N − 1, N − 2, . . . , 0
f(x) = a0
Die Ableitung einer beliebigen Funktion f(x) wird durch die Legendrekoeffizienten f
′
i der Leg-
endre Approximation eindeutig dargestellt:
d
dx
f(x) =
N−1∑
i=0
d
dx
pi(x) =
N−1∑
i=0
f ′ipi(x)
Einsetzen der Rekursionsbeziehung Gl.(A.2) und sortieren nach Legendrepolynomen ergibt fol-
gendes Berechnungsschema:
f ′N = f
′
N−1 = 0
f ′i−1 =
2i− 1
2i + 3
f ′i+1 + (2i− 1)fi fu¨r i = N − 1, N − 2, . . . , 1
Die Anwendung der Legendre Approximation auf die Integration der Funktion f(x) beruht
auf den Stammfunktionen der Legendrepolynome. Die Integration der Rekursionsbeziehung
Gl.(A.2) liefert ∫ x
−1
pi(x′) dx′ =
pi+1(x)− pi−1(x)
2i + 1
.
Die Legendrekoeffizienten Fi des unbestimmten Integrals von f(x) ergeben sich zu
Fi =
1
2i− 1fi−1 −
1
2i + 3
fi+1 fu¨r i > 0
mit einer frei wa¨hlbaren Integrationskonstanten F0. Die Berechnung der Ableitung oder des
Integrals von f(x) geschieht wieder u¨ber die Clenshaw Rekursion mit den entsprechend trans-
formierten Legendrekoeffizienten; diese sind identisch mit den Koeffizienten der jeweiligen Leg-
endre Approximation ab initio. Der Wert des bestimmten Integrals wird bereits u¨ber die Or-
thogonalita¨tsrelation der Legendrepolynome festgelegt:∫ 1
−1
f(x) dx = 2f0
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Bis hierher sind wir dem Leser die Berechnung der Nullstellen von pN (x) schuldig geblieben, das
wird nun nachgeholt. Im Handbook of Mathematical Functions [12] sind die Nullstellen xj mit
ihren Gewichten ωj aus Gl.(A.13) fu¨r unterschiedliches N tabelliert. Die im folgenden skizzierte
Herleitung [7],[14] erlaubt eine Verallgemeinerung auf die Bestimmung der Nullstellen in der
Legendre Approximation einer beliebigen Funktion f(x) und wird daher kurz diskutiert. Der
U¨bersichtlichkeit wegen fu¨hren wir die Orthonormalpolynome Pi(x) ein
Pi(x) :=
√
2i + 1
2
pi(x) mit
∫ 1
−1
Pi′(x)Pi(x) dx = δi′,i
und greifen die Rekursionsbeziehung der Legendrepolynome Gl.(A.1) auf:
P−1(x) ≡ 0
xPi(x) = biPi−1(x) + bi+1Pi+1(x) fu¨r i ≥ 0 (A.19)
Die Rekursionskoeffizienten bi sind wie folgt definiert:
b0 ≡ 0
bi :=
i√
4i2 − 1
fu¨r i ≥ 1
Wir schreiben die Rekursionsbeziehung Gl.(A.19) fu¨r i = 0, 1, . . . , N − 1 auf und erhalten fol-
gendes Matrixschema
x
⎡
⎢⎢⎢⎢⎢⎢⎣
P0
P1
...
PN−2
PN−1
⎤
⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎣
0 b1
b1 0 b2
...
...
bN−2 0 bN−1
bN−1 0
⎤
⎥⎥⎥⎥⎥⎥⎦
·
⎡
⎢⎢⎢⎢⎢⎢⎣
P0
P1
...
PN−2
PN−1
⎤
⎥⎥⎥⎥⎥⎥⎦
+
⎡
⎢⎢⎢⎢⎢⎢⎣
0
0
...
0
bNPN (x)
⎤
⎥⎥⎥⎥⎥⎥⎦
oder
xP = [J] ·P+ bNPN (x)eN (A.20)
Hier ist [J] eine symmetrische Tridiagonalmatrix, P der Spaltenvektor (P0, P1, . . . , PN−1)T und
eN der Einheitsvektor (0, 0, . . . , 1)T . Eine genaue Inspektion von Gleichung (A.20) zeigt den
wichtigen Sachverhalt: Die Berechnung der Nullstellen xj von PN (x), also PN (xj) = 0 ist
a¨quivalent mit der Bestimmung der Eigenwerte von [J]. Daru¨berhinaus sind die Gewichte ωj
u¨ber die erste Komponente des jeweiligen Eigenvektors vj bestimmt [14]:
ωj = 2
(
v
(1)
j
)2
mit vTj · vj j = 1, 2, . . . , N
Die Eigenwerte und Eigenvektoren einer symmetrischen Tridiagonalmatrix oder Jacobimatrix
werden mit Hilfe von numerischen Diagonalisierungsverfahren [9] gewonnen.
Die Bestimmung der Nullstellen f(x) = 0 in der Legendre Approximation wird ebenfalls auf die
Diagonalisierung der entsprechenden Matrix [H] abgebildet:
f(x) =
N∑
i=0
fipi(x) =
N∑
i=0
ciPi(x)
ci :=
√
2
2i + 1
fi mit cN = 0
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Wir ersetzen PN (x) durch die Rekursionsbeziehung Gl.(A.19) fu¨r i = N − 1 und erhalten
f(x) =
N−1∑
i=0
ciPi(x) +
cN
bN
[xPN−1(x)− bN−1PN−2(x)]
und damit
xPN−1(x) =
bN
cN
f(x) +
N−1∑
i=0
aiPi(x) + bN−1PN−2(x) mit ai := −bN
cN
ci/ (A.21)
Gleichung (A.21) wird zusammen mit der Rekursionsbeziehung Gl.(A.19) fu¨r i = 0, 1, . . . , N − 2
in das folgende Matrixschema eingetragen
xP = [H] ·P+ bN
cN
f(x)eN
mit
[H] =
⎡
⎢⎢⎢⎢⎢⎢⎣
0 b1
b1 0 b2
...
...
bN−2 0 bN−1
a0 a1 a2 · · · aN−3 aN−2 + bN−1 aN−1
⎤
⎥⎥⎥⎥⎥⎥⎦
Der Vergleich mit Gleichung (A.20) weist die Nullstellen von f(x) als die Eigenwerte der Matrix
[H] aus. In dem speziellen Fall f(x) = cNPN (x) gilt: [H] = [J]. Die Matrix [H] entspricht in
ihrer Gestalt einer unteren Hessenbergmatrix und wird numerisch diagonalisiert [9].
Das folgende Anwendungsbeispiel schließt die Diskussion der Legendre Approximation ab. Aus-
gangspunkt ist die Summendarstellung des Produkts zweier Legendrepolynome
pi′(x)pi(x) =
i′+i∑
j=0
c
(j)
i′,ipj(x) (A.22)
Die Legendrekoeffizienten c(j)i′,i werden u¨ber die Rekursionsbeziehung der Legendrepolynome
Gl.(A.1) rekursiv bestimmt:
c
(j)
i′,−1 = 0
c
(j)
i′,0 = δi′,j
c
(j)
i′,i+1 =
2i + 1
i + 1
[
i′ + 1
2i′ + 1
c
(j)
i′+1,i +
i′
2i′ + 1
c
(j)
i′−1,i
]
− i
i + 1
c
(j)
i′,i−1
Das Quadrat der Legendre Approximation der Funktion f(x) ergibt sich zu
r(x) = (f(x))2 =
2(N−1)∑
j=0
rjpj(x)
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Der Vergleich mit Gleichung (A.22) legt die Legendrekoeffizienten rj der Funktion r(x) eindeutig
fest:
rj =
N−1∑
i′,i=0
fi′fic
(j)
i′,i
Alternativ wird r(x) mit Hilfe der Clenshaw Rekursion an den Nullstellen p2N−1(xk) = 0 mit
k = 1, 2, . . . , 2N − 1 ausgewertet
r(xk) =
(
N−1∑
i=0
fipi(xk)
)2
.
Aus der Definitionsgleichung der Legendrekoeffizienten Gl.(A.16) lesen wir ab:
rj =
2j + 1
2
2N−1∑
k=1
ωkr(xk)pj(xk) mit p2N−1(xk) = 0
Die Approximation ist an den N Nullstellen xj von pN (x) exakt, Gl.(A.15).
Die Legendre Approximation ist eine sehr leistungsfa¨hige Methode in der numerischen Behand-
lung von Funktionen im Intervall [−1, 1]. Eine Erweiterung auf Funktionen in einem beliebigen
Intervall wird u¨ber ein, dem Intervall zugrundeliegendes, orthogonales Funktionensystem erre-
icht. Die Ausfu¨hrungen zur Legendre Approximation ko¨nnen in Kenntnis der entsprechenden
Rekursionsbeziehungen u¨bertragen werden.
Im Intervall [0,∞] bilden die mit e− 12x gewichteten Laguerrepolynome [12] ein vollsta¨ndiges
orthonormiertes Funktionensystem Li(x):∫ ∞
0
Li′(x)Li(x) dx = δi′,i
Aus der Formel von Rodriguez
Li(x) :=
e
1
2
x
i!
di
dxi
[
xie−x
]
leiten sich die beiden wichtigen Rekursionsbeziehungen der Basisfunktionen ab. Wir geben sie
an dieser Stelle an:
L−1(x) ≡ 0
L0(x) = e−
1
2
x
(i + 1)Li+1(x) = (2i + 1− x)Li(x)− iLi−1(x)
d
dx
Li+1(x) =
d
dx
Li(x)− 12Li+1(x)−
1
2
Li(x) fu¨r i ≥ 0 .
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Anhang B
Elektronische Zusta¨nde in
Germanium-Bikristallen
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Deformation potentials of the semimetal HgTe
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It has been demonstrated that the hydrostatic deformation potential C−a of a semimetal can be determined
from the pressure dependence of intersubband transitions in superlattices containing the semimetal. By means
of an investigation of optical absorption in HgTe/Hg0.3Cd0.7Te superlattices at hydrostatic pressures up to
3 GPa at room temperature the following values have been determined: C−a=−3.69±0.10 eV and aHgTe
−aCdTe=1.31±0.10 eV, where C and a are the deformation potentials of the conduction and valence bands,
respectively. Bulk HgTe normally undergoes a phase transition to the cinnabar structure at 1.3 GPa. How-
ever, this phase transition is frustrated in HgTe/Hg0.3Cd0.7Te superlattices and the HgTe layers are super-
pressed above 1.3 GPa.
DOI: 10.1103/PhysRevB.71.125305 PACS numbers: 78.20.e, 78.30.Fs, 78.66.w, 78.66.Hf
I. INTRODUCTION
The hydrostatic deformation potentials for the conduction
and valence bands in a semiconductor, C and a, respectively,
are important parameters; however, they cannot be directly
determined experimentally. Their difference, C−a, can be
determined from the hydrostatic pressure dependence of the
band gap by means of excitonic absorption or photo-
luminescence.1 Obviously this is not possible with a semi-
metal or many narrow-gap semiconductors. Nevertheless, in
this article we shall demonstrate a direct method to deter-
mine the deformation potentials of either a semimetal or a
narrow-gap semiconductor. In this method the hydrostatic
pressure dependence of intersubband transitions in a super-
lattice or a multiple quantum well will be exploited.
As an example, type-III superlattices consisting of semi-
metallic HgTe and semiconducting Hg1−xCdxTe layers will
be considered in this article. The band structure and optical
properties of these superlattices have been the subject of nu-
merous investigations.2 For moderately wide Hg1−xCdxTe
layers, it has been demonstrated that the band structure and
the optical properties are primarily determined by the HgTe
layer.3 Consequently, this system offers a unique opportunity
to investigate the band structure of semimetallic HgTe in a
more direct manner. The nearly perfect match of the lattice
constants makes this system ideal for such studies. Intersub-
band transitions in these superlattices have been investigated
by means of optical absorption2–4 and magnetoabsorption5
experiments in conjunction with theoretical calculations.
These intersubband transitions, and in particular the lowest
energy gap, have also been linked to photoluminescence
PL peaks in a number of investigations.6
Cheong et al.7 have concluded that the hydrostatic pres-
sure dependence of the observed PL peaks for a
HgTe/Hg1−xCdxTe superlattice is much less than that pre-
dicted by k ·p band calculations based on the envelope func-
tion approximation EFA. Their most prominent peak,
which has been assigned to recombination across the SL
band gap, has a pressure coefficient of 10 meV/GPa.
However, their calculations employing the EFA with a range
of reasonable SL parameters predict a pressure coefficient of
at least 65 meV/GPa for the band gap.
In contrast, the pressure dependence of the band gap of a
number of semiconductors is in reasonable agreement with
theoretical calculations.8 More recent work has corroborated
these results for II-VI semiconductors. In particular, this is
true for CdTe whose experimental pressure dependence at
pressures below 2 GPa lies between 79 and 83 meV/GPa at
room temperature, independent of experimental method—
i.e., a shift of either the absorption edge,9 the corresponding
PL peak,10 or the reflectivity.11 Values as low as
65 meV/GPa have been determined at 2–5 K for PL peaks
involving excitons.12,13 Furthermore, the pressure depen-
dences of the PL peak energies in CdTe/ZnTe-stained layer
superlattices14 and GaAs/Al0.32Ga0.68As quantum wells15 are
comparable in magnitude to that of their constituents and are
in good agreement with theoretical expectations.
In this investigation we have shown that the observed
structure in transmission spectra of HgTe/Hg0.3Cd0.7Te su-
perlattices which correspond to intersubband transitions does
depend on pressure as is expected. More importantly, infor-
mation concerning the hydrostatic deformation potentials of
HgTe has been extracted from the pressure dependence of
the intersubband transitions.
II. EXPERIMENTAL DETAILS
The two superlattices employed in this investigation were
grown on Cd0.96Zn0.04Te001 substrates in a Riber 2300 mo-
lecular beam epitaxial system at the University of Würzburg
as has been described in detail elsewhere.3 The thicknesses
of the HgTe and Hg0.3Cd0.7Te layers were chosen such that
the corresponding intersubband transitions were 280 meV
in order to allow high-pressure transmission measurements
in a diamond anvil cell. These measurements were carried
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out at the European laboratory for nonlinear spectroscopy
LENS in Florence.
The samples were carefully polished, mechanically, and
then chemomechanically, to a thickness of 25–35 m. No
change in the transmission spectra was observed after polish-
ing. They were then cleaved such that a nearly square sample
with dimensions of 120120 m2 resulted. A sample to-
gether with a small ruby crystal, which was used to calibrate
the pressure, was then loaded into a membrane diamond an-
vil cell from the Betsa company. Ar gas was employed as the
pressure medium in the cell and hydrostatic pressure on the
sample was generated by means of a membrane containing
He gas. Type-IIa diamonds were employed which allowed
transmission measurements to be carried out above an energy
of 280 meV. The measurements were carried out using a
Fourier transform spectrometer, Bruker HR-120, and addi-
tional components which have been described elsewhere.16
The infrared radiation was focused onto the sample such that
all light would have to pass through the sample.
III. THEORETICAL DETAILS
The absorption coefficient  and the transmission have
been calculated using the envelope function method, as has
been described in detail elsewhere.3 The full 88 Kane
Hamiltonian including all second-order terms representing
the far-band contributions has been employed. A revised set
of values for the band parameters deduced from measure-
ments on bulk HgTe and Hg1−xCdxTe by Weiler17 was em-
ployed which nevertheless reproduces the same bulk band
structure at room temperature.
The Hamiltonian was modified according to Bir and
Pikus18 in order the include the influence of pressure in the
model:
EcP = Cx3	P , 1
EvP = ax3	P , 2
where EcP and EvP are the changes in the conduction
and valence bands due to the hydrostatic pressure P, Cx
and ax are the deformation potentials of the conduction and
valence bands,19 and x is the Cd concentration of the layer in
question. This was accomplished by using Murnaghan’s
equation of state20
	P =
1
3− 1 + 1 + B1B0 P
−1/B1	 , 3
where B0 is the bulk modulus and B1=dB0 /dP. The values of
B0 and B1 for HgTe and CdTe employed in the model are
listed in Table I. Both B0 and B1 are assumed to vary linearly
with the composition x of the material in question. Conse-
quently 	P is also a function of material composition.
IV. RESULTS AND DISCUSSION
In this investigation, the shift of intersubband transitions
with hydrostatic pressure is of primary importance. This can
be shown to be systematically correlated to the correspond-
ing absorption edges in the smoothed transmission spectra
shown in Fig. 1. The two steps correspond to the H1-E1 and
L1-E1 intersubband transitions, where H, L, and E refer to
heavy hole, light hole, and electron subbands, respectively.
The band structure of this superlattice as well as these two
intersubband transitions are shown in Fig. 2.
The presence of interference fringes shown in Fig. 1 due
to the sample as well as to cavities between the sample and
the diamond windows makes a determination of the absorp-
tion edge less precise. Therefore we have attempted to elimi-
nate these interference fringes by taking the ratio of two
transmission spectra at nearly the same pressure; see Fig. 3.
The resulting extrema correspond to the transmission edges
at the mean pressure if the pressure dependence is linear as is
the case for small pressure differences. It can be easily
shown that for a small shift in the transmission spectrum T,
TABLE I. Summary of band gap pressure dependence, C−a,
and strain parameters at room temperature.  calculated using Eq.
7 or A3, 
 present investigation, and  calculated using Eq.
A4.
Parameter HgTe Ref. CdTe Ref.
0 meV/GPa 70–138a 23 79–83 9–11
B0 GPa 42.3 24 42.50 25
B1 3.78 26 4.20 25
C−a eV −4.4±1.5  −3.42±0.10 
C−a eV −3.69±0.10 

0 meV/GPa 87.2±2.5  ,

1 meV/GPa2 −4.61±0.16  ,

aAt 4 and 77 K.
FIG. 1. Transmission spectra of Q424 at 295 K for pressures
between 0.82 and 2.51 GPa. The two steps at lower and higher
energies correspond to the H1-E1 and L1-E1 intersubband transi-
tions, respectively.
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T
T
 d , 4
where d and  are the thickness and absorption coefficient,
respectively.
Obviously the resulting transmission ratio and d /dE
shown in Fig. 3 are in good agreement with experiment.
In addition, the ratio of the amplitudes of the two maxima is
in good agreement with the theoretically calculated ratio of
the corresponding intersubband transitions—i.e., H1-E1 and
L1-E1—see Fig. 3. Agreement for the amplitude ratio is
good for all pressures with experimentally accessible transi-
tion energies—i.e., above 280 meV.
Since dEi−f /dP and not the absolute values of Ei−f are of
interest, the theoretical and experimental intersubband tran-
sition energies as a function of pressure for Q424 have been
normalized to the values at atmospheric pressure as is shown
in Fig. 4. At pressures below 1.0 GPa, the slopes for
H1-E1 and L1-E1 are 73.8±1.0 and 63.0±1.0 meV/GPa,
respectively.
From the pressure dependence, knowledge of the conduc-
tion and valence band deformation potentials of HgTe and
CdTe can be gained. Cx and ax are assumed to vary
linearly with the composition x of the Hg1−xCdxTe layer.
These parameters are related to the pressure dependence of
the respective band gaps, dE0 /dP, according to
dE0
dP
= − C − a
1
B0
. 5
Normally the pressure dependence of the band gap, E0, of
bulk materials is analyzed by means of a quadratic equation:
E0P = E00 + 0P + 1P2. 6
Most authors either cite values of dE0 /dP assuming a linear
dependence or determine 0 and 1 independently. However,
it should be pointed out that 0 and 1 are not independent
and 1 is not negligible. Frogley et al.21 have advocated that
the linear pressure coefficient should be defined and reported
as dE0 /dP at zero pressure. However, in order to compare
results from different materials it is necessary to use the ap-
FIG. 2. The band structure of Q424 at 295 K and ambient pres-
sure. The in-plane and perpendicular components of the wave vec-
tor, k
 and k, are in units of  /d where d is the superlattice period.
FIG. 3. Experimental and theoretical transmission spectra ratios
T1.18 GPa/T0.82 GPa−1, as well as d /dE for Q424 at 295 K and a
pressure of 1.00 GPa. The minima at lower and higher energies
correspond to the H1-E1 and L1-E1 intersubband transitions,
respectively.
FIG. 4. Pressure dependences of the H1-E1 and L1-E1 intersub-
band transitions for Q424 at 295 K. The theoretical dependences
according to the EFA calculations described in the text are indicated
by solid lines up to the expected phase transition in HgTe at
1.3 GPa.
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propriate quadratic analysis since 0 and 1 are material de-
pendent.
If higher terms of a Taylor expansion of Eq. 3 are ne-
glected, then 0 and 1 are equal to
0 = − C − a
1
B0
, 7
1 = −
1 + B1
2B0
0. 8
This normally leads to a very good approximation of the
results of an analysis by means of Murnaghan’s equation of
state. Moreover, the values of 0 and 1 can be corrected,
depending on the range of pressures over which the analysis
is conducted. This is demonstrated in detail in the Appendix.
According to
1
0
= −
1 + B1
2B0
, 9
EP is always sublinear; however, in the present investiga-
tion EP is hyperlinear above approximately 1.3 GPa. This
coincides with the phase transition of HgTe from zinc blende
to cinnabar.22 Obviously this phase transition is suppressed
by the superlattice, since no evidence for a phase transition is
observed; dE /dPP is a smooth function and no abrupt
change in the experimental frequencies or relative ampli-
tudes of the H1-E1 and L1-E1 intersubband transitions is
observed.
Published values of dE0 /dP, or in most cases 0, for
CdTe Refs. 9–11 are reasonably consistent between 79 and
83 meV/GPa, whereas those for HgTe Ref. 23 are not—
i.e., 70–138 meV/GPa. The uncertainty in the HgTe values
is compounded by the fact that they result from investiga-
tions of Hg1−xCdxTe, not HgTe, and do not result from a
direct measurement of a shift of the band gap. Moreover,
even more uncertainty exists in individual deformation po-
tentials C and a. Values for C−a are summarized in Table I.
To our knowledge, nothing has been published concerning
C−a for the Hg0.3Cd0.3Te alloy. Therefore we have assumed
that C−a varies linearly with Cd concentration. C−a for
HgTe and aHgTe−aCdTe have been used as the only adjustable
parameters in the following calculations.
By fitting the experimental data, it has been shown that
the pressure dependence of the H1-E1 and H2-E2 intersub-
band transitions depend on C−aHgTe but are nearly inde-
pendent of C−aCdTe:
dEH1−E1
dP
= f„C − aHgTe… 10
or
dEH2−E2
dP
= f„C − aHgTe… . 11
The uncertainty in C−a for CdTe given by 3.42±0.10 eV
results in a much smaller uncertainty in C−a for HgTe ex-
pressed by 3.69±0.02 eV. Furthermore, the difference in the
pressure dependence between the H1-E1 and L1-E1 transi-
tions depends directly on the difference in a between HgTe
and CdTe,
dEH1−E1
dP
−
dEL1−E1
dP
= faHgTe − aCdTe , 12
and consequently on the pressure dependence of the valence
band offset between HgTe and CdTe.
It should be mentioned here that other parameters includ-
ing the k ·p parameters do not significantly influence the cal-
culated pressure dependence. The calculated values of
dEi−f /dP up to 1.0 GPa, which are listed in Table II and also
plotted in Fig. 4, are in excellent agreement with the experi-
mental values. This results directly in C−a=
−3.69±0.10 eV for HgTe and aHgTe−aCdTe=1.31±0.10 eV.
These uncertainties are due to a combination of uncertainties
in parameters taken from the literature and the experimental
data.
Agreement between the calculated results and the experi-
mental data for Q230 at 295 K is also good, even though the
statistical significance of the data is less than that of Q424.
Substitution of C−a=−3.69±0.10 eV into Eq. 7 results in
0=87.2±2.5 meV/GPa for HgTe.
The energy difference between the first heavy hole and
the first light hole subbands is determined primarily by
the valence band offset  between HgTe and CdTe.3 Con-
sequently, a difference in the pressure dependence of the
H1-E1 and L1-E1 intersubband transitions is due to the
pressure dependence of . Because B0 and B1 are nearly
equal for HgTe and CdTe—i.e., 	HgTeP	CdTeP—using
Eqs. 2 and 3 its follows that
Ev
HgTe
− Ev
CdTe
= aHgTe − aCdTe3	CdTeP , 13
TABLE II. Experimental and theoretical values of the pressure dependence of intersubband transition
energies, dEi−f /dP at 295 K.
dHgTe dHgCdTe dEi−f /dP meV/GPa
±0.2 0.2 Experiment Theory
nm nm H1-E1 L1-E1 H1-E1 L1-E1
Q230 3.1 7.5 71.5±3.0 62.0±3.0 74.3 63.8
Q424 3.3 7.8 73.8±1.0 63.0±1.0 73.8 63.0
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aHgTe − aCdTe  − B0
CdTed
dP
. 14
It is note worthy that d /dP, which is a heterostructure pa-
rameter, results from knowledge of the bulk parameters.
The calculated energy dispersion Ek of the light and
heavy hole valence bands for HgTe and CdTe as well as the
first conduction band for HgTe is shown in Fig. 5 for 0.0 and
1.0 GPa at room temperature. Due to the large heavy and
light hole effective masses for CdTe, its valence band disper-
sion is very flat. In contrast the electron and light hole dis-
persion for HgTe, and even that of its heavy hole, is much
more pronounced. The pressure dependence of  for P
1.0 GPa at 300 K is indicated in Fig. 5 and is also given
by
P = 0 +
d
dP
P , 15
where 0=450 meV according to Ref. 3 and d /dP
=−25 meV/GPa.
It should be pointed out that the intersubband transition
pressure dependence, which is a salient feature of this inves-
tigation, is nearly independent of the values of the superlat-
tice parameters over a wide range of values. For example, as
shown in Fig. 6, an uncertainty in the HgTe width of
±0.5 nm leads to an error of merely ±0.10 eV in C−a for
HgTe as well as ±0.10 eV in aHgTe−aCdTe.
In addition, if the H1-E1 intersubband transition is below
280 meV and therefore not observable, then the pressure de-
pendence of H2-E2 can be employed to determine C−a ac-
cording to Eq. 11.
Only theoretical values or indirectly determined experi-
mental values for either aHgTe or aCdTe have been
published—for example, according to the tight-binding cal-
culations of Merad et al.,27 aCdTe=0.76 eV. In addition, ac-
cording to Takita and Landwehr,28 aHgTe=3.8 eV. This would
require that C0. In other words, almost the entire pressure
dependence would be due to a shift of the valence band and
none to that of the conduction band. This is not the case for
any other material to our knowledge. In all fairness, it should
be mentioned that the results of Takita and Landwehr were
obtained by means of a less direct method involving multiple
phonons. Regardless of the individual values, the present
method allows aHgTe−aCdTe to be experimentally determined
with excellent precision.
At pressures below 1.0 GPa, dEi−f /dP for H1-E1 and
L1-E1 with values of 73.8±1.0 and 63.0±1.0 meV/GPa, re-
spectively, are in good agreement with theory as can be seen
in Fig. 4. Above 1.3 GPa the experimental results can not be
explained by our model. Bulk HgTe undergoes a phase tran-
sition from zinc blende to cinnabar at 1.3 GPa.22 However,
there is no sharp change in the intersubband energies and no
destructive change in the sample at pressures near 1.3 GPa.
Moreover, the experimental results are reversible up to at
least 2.5 GPa. Therefore it seems reasonable to suggest that
the observed increase in dEi−f /dP is due to a frustration of
this phase transition. In other words, these thin HgTe layers
are stabilized by the neighboring Hg0.3Cd0.7Te layers; i.e.,
they are superpressed.
V. CONCLUSION
We conclude that the hydrostatic deformation potential,
C−a, for a semimetal can be determined by means of the
FIG. 5. The energy dispersion Ek of the light and heavy hole
valence bands for HgTe and CdTe as well as the first conduction
band for HgTe for two different pressures at 295 K. The dispersion
of the CdTe valence bands is much flatter due to its larger hole
effective masses. The valence band offset P at 0 and 1.0 GPa is
indicated.
FIG. 6. Values of C−aHgTe and aHgTe−aCdTe versus the HgTe
thickness, dHgTe, necessary to reproduce the experimentally deter-
mined values of 0 for the H1-E1 and L1-E1 intersubband transi-
tions for Q424 at 295 K. The dotted lines are merely guides to the
eye. Values of EH1-E1 versus dHgTe are also plotted as a solid line.
The long vertical gray area corresponds to the uncertainty in dHgTe.
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pressure dependence of intersubband transitions of a super-
lattice containing the semimetal. In addition a precise value
of aHgTe−aCdTe results from dEH1-E1 /dP−dEL1-E1 /dP. In this
investigation C−a=−3.69±0.10 eV for HgTe and aHgTe
−aCdTe=1.31±0.10 eV.
In contrast to the photoluminescence results of Cheong et
al.,7 we have shown that the observed structure in transmis-
sion spectra of HgTe/Hg0.3Cd0.7Te superlattices which cor-
respond to intersubband transitions does depend on pressure
as is expected. Furthermore, employment of this model re-
sults in the correct electronic band structure of
HgTe/Hg1−xCdxTe superlattices and the correct dependence
on hydostatic pressure. Bulk HgTe normally undergoes a
phase transition to the cinnabar structure at 1.3 GPa. How-
ever, this phase transition is frustrated in HgTe/Hg0.3Cd0.7Te
superlattices and the HgTe layers are superpressed above
1.3 GPa.
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APPENDIX
If the equation
E0P = E00 + 0P + 1P2 A1
is considered to be the result of a least-squares fit of an
equation involving Murnaghan’s equation of state,20 where
higher terms are neglected, then the values of the coefficients
0 and 1 depend on the range of pressure involved in the
analysis of the data. Assuming that range is given by
P
Pm
 0,1,
B1
B0
Pm 1, A2
then
0 = − C − a
1
B0
1 − S0 , A3
1 = − 1 + B12B0 1 − S1	0, A4
where
Si =
Pm
B0
Zi1 + Zi2B1 + Zi3 + Zi4B1PmB0 	 . A5
A least-squares analysis results in the values
Z01 = 0.1182, Z11 = 0.9338,
Z02 = − 0.0207, Z12 = 0.4850,
Z03 = − 1.2677, Z13 = 0.1069,
Z04 = 0.6235, Z14 = − 0.9101.
If Pm is sufficiently small, then S01 and S11, and
Eqs. A3 and A4 reduce to the first two coefficients of a
Taylor’s expansion of Murnaghan’s equation of state:
0 = − C − a
1
B0
, A6
1 = −
1 + B1
2B0
0. A7
In this investigation Pm has been taken to be 1.0 GPa, and
consequently S00.0016 and S10.064. Therefore only one
of the two conditions—i.e., S01—is fulfilled. The value of
0.064 for S1 results in an approximately 6.4% smaller
value of 1.
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Band structure and its temperature dependence for type-III HgTeÕHg1ÀxCdxTe superlattices
and their semimetal constituent
C. R. Becker,* V. Latussek, A. Pfeuffer-Jeschke, G. Landwehr, and L. W. Molenkamp
Physikalisches Institut der Universita¨t Wu¨rzburg, Am Hubland, 97074 Wu¨rzburg, Germany
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Intersubband transitions in HgTe/Hg1xCdxTe superlattices and their dependence on temperature have been
investigated for a large number of superlattices with widely different parameters. It has been shown by means
of the envelope function approximation using the full 88 Kane Hamiltonian, that the valence band offset is
primarily responsible for the separation between the H1-E1 and L1-E1 intersubband transition energies of
semiconducting HgTe/Hg1xCdxTe superlattices with a normal band structure. To a good approximation, all
other relevant superlattice parameters have little or no effect on this energy difference. This leads to an
unequivocal determination of the valence band offset between HgTe and CdTe  which is 57060 meV at 5
K for both the 001 and the (112)B orientations. The temperature dependence of both intersubband transition
energies can only be explained by the following conditions:  is also temperature dependent as expressed by
d/dT0.400.04 meV/K; the anisotropic heavy hole effective mass has a significant temperature depen-
dence; and Eg(HgTe,300 K)1605 meV which is appreciably lower than the extrapolated values found in
the literature.
I. INTRODUCTION
The band structure of type-III superlattices SL’s and
their related properties are largely determined by that of the
quantum well. Conversely, an investigation of the optical
and electrical properties of type-III superlattices can lead to
information about the zero gap or semimetallic material used
in the quantum well. Hence one has the unique opportunity
to investigate properties of the semimetal which cannot eas-
ily be investigated by other methods.
For example, the band gap of HgTe and its temperature
dependence directly influences the temperature dependence
of the superlattice subbands and thus the temperature depen-
dence of the intersubband transition energies. The magnitude
of the negative band gap of HgTe at room temperature is
subject to large experimental uncertainties due to difficulties
in the conventional magneto-optical method at temperatures
above 100 K.1 Another such property is the deformation po-
tential of HgTe relative to that of CdTe, which has only
recently been experimentally determined by means of an op-
tical absorption investigation of HgTe/Hg0.32Cd0.68Te super-
lattices under hydrostatic pressure.2 Furthermore, it will be
shown that the valence-band offset is to a good approxima-
tion primarily responsible for the energy difference between
the first heavy-hole H1 and the first light-hole L1 subband of
a HgTe/Hg1xCdxTe superlattice with normal band struc-
ture. This energy difference is nearly independent of other
superlattice parameters, and consequently leads to a precise
determination of the valence-band offset between HgTe and
CdTe .
The band structure and consequently the optical proper-
ties depend on the band structure of the quantum wells and
barriers, i.e., HgTe and Hg1xCdxTe, their widths, and the
potential energy differences between these two components.
The latter depends in turn on their composition, the valence-
band offset as well as the shape and width of the Cd concen-
tration profile across the interfaces. A profile described by an
error function similar to an experimental profile according to
Kim et al.3 is assumed and leads to a consistent description
of the experimental results. Finally, the width of this inter-
face, dt , has been shown to be a convenient variable for the
study of interdiffusion in these superlattices.4
In order to accomplish the above, one has to determine
the relevant experimental intersubband transition energies.
However, this is not a trivial undertaking due, to a large
extent, to a lack of knowledge about the position of a par-
ticular band gap relative to the frequency of photolumines-
cence peaks,5–7 or that of the absorption edges.8 The method
we propose and demonstrate here, is to determine the posi-
tion of the absorption edge and then its position relative to
the intersubband transition energy itself. This can be accom-
plished by calculating the transition energies as well as the
corresponding absorption coefficient. Finally, by fitting the
theoretical and experimental absorption coefficients, one can
determine the experimental intersubband transition energies
relative to their absorption edges.
II. EXPERIMENTAL DETAILS
Epitaxial growth was carried out in a Riber 2300, molecu-
lar beam epitaxial system that has been modified to permit
the growth of Hg-based materials as has been described
elsewhere.4 After the growth of a thin CdTe buffer layer, the
HgTe/Hg1xCdxTe superlattices were grown on 001 and
(112)B oriented Cd0.96Zn0.04Te and CdTe substrates at
180 °C with the exception of three (112)B SL’s at 188 °C.
The substrate temperature was determined with an accuracy
of  2 °C by means of a thermocouple which was in physical
contact with a molybdenum substrate holder. The thermo-
couple was carefully calibrated at the melting points of in-
dium and tin.
The composition of the barrier material has been deter-
mined by means of transmission measurements9 on thick test
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layers of Hg1xCdxTe grown under identical conditions with
the exception of the absence of the HgTe layers. At a growth
temperature of 180 °C, x0.680.02 and x0.950.02 for
the 001 and (112)B orientations, respectively. This value
has been corroborated by a determination of the barrier TO
phonon frequency for several 001 SL’s.10 Cd has been
found in some thin layers of HgTe grown under similar con-
ditions by means of in situ x-ray photoelectron spectroscopy.
If the Cd is evenly distributed throughout the layer then an
average concentration in the well xw can be calculated. Usu-
ally this value was below the sensitivity of the spectrometer,
i.e., much less than 0.5%, however, 3.0% was determined on
one occasion. The latter value was shown to be due to sub-
limation from the hot CdTe shutter, which depends on what
was grown previously. Nonlinear diffusion11 may also ac-
count for the presence of small amounts of Cd in the HgTe
wells.
The superlattice period is readily accessible by x-ray dif-
fraction experiments; however well and barrier thicknesses
are not so easily determined. Historically well and barrier
thicknesses have been inferred from the growth parameters,
measured by transmission electron microscopy12 or deter-
mined by means of a simulation of high resolution x-ray
diffraction results.13,14 In this investigation we have deter-
mined the well thickness and hence that of the barrier of
001 superlattices via a dynamic simulation of the 002 and
004 Bragg reflections measured in a five crystal x-ray dif-
fractometer. The rather strong 002 Bragg reflection in these
superlattices is caused primarily by the HgTe layer: The
structure factor for the 002 Bragg reflection is much larger
for HgTe than for CdTe.13 This is due to the larger Hg atom
with its greater number of electrons. In fact the structure
factor goes to zero for Hg1xCdxTe with an x value of about
0.88. A simulation of 001 oriented superlattices results in
an accuracy as low as  1 Å but which is usually 2 Å,
depending on the number of satellites and the position of the
first order zero points relative to the satellites.
X-ray diffraction in (112)B oriented heterostructures is
more complicated and the results less accurate. First of all,
there is only one useful reflection 224 which is not stronger
for either HgTe or CdTe. Second, shear strain results in a
monoclinic distortion which must be taken into account be-
fore the data can be correctly simulated.15,16
Optical transmission and reflection measurements were
carried out in the middle and near infrared with a Fourier
transform spectrometer, Bruker IFS88. A LiTaO3 detector
was usually employed rather than a liquid nitrogen cooled
detector, e.g., Hg1xCdxTe, because of its better linearity.
The aperature was kept as small as possible for the same
reason, i.e., a diameter of 2–3 mm. The absorption coeffi-
cient was determined by fitting the experimental transmis-
sion spectra to a theoretical description of the multilayer sys-
tem using standard matrix procedures.17
It can be easily shown that a transmission spectrum di-
vided by a slightly different spectrum, e.g., measured at a
different temperature, is proportional to the corresponding
change in the absorption coefficient
T
T 
T2
T1
1d , 1
where T and d are the transmission and sample thickness,
respectively. Hence a good approximation of , see Fig. 4,
can be obtained merely from a ratio of the transmission spec-
tra without the complications and uncertainties in calculating
the absorption spectrum of the SL in a multilayer structure.17
If the temperature difference is kept small, T20– 40 K,
residual interference effects can be effectively reduced near
the transition itself and nearly elliminated at other frequen-
cies. The index of refraction n undergoes a change of up to
about 5%–10% near an intersubband transition, however,
this has been shown to result in a negligible shift of the
experimental absorption edge of  1 meV.
The transmission spectra of most of the SL’s were mea-
sured at various temperatures. In most cases this was done
from 5 to 300 K with a temperature interval of 10 K, in order
to improve the statistical significance of the data.
III. THEORETICAL DETAILS
A large number of k•p band structure calculations using
the envelope function approximation for the
HgTe/Hg1xCdxTe superlattice have been published during
the last decade.18–21 Wood and Zunger22 have compared the
predictions of a pseudopotential approach, which includes all
bands and their dispersion throughout the Brillouin zone and
produces wave functions with full Bloch symmetry, with
predictions of an 88 multiband k•p approach in the enve-
lope function approximation. The authors conclude that the
latter model works well for heterostructures when their states
are derived from bulk states which are well described by
k•p, i.e., from states near the 	 point. Ram-Mohan, Yoo,
and Aggarwal18 employed the envelope function method and
developed a transfer matrix procedure to calculate the super-
lattice states. They accounted for the full 88 Kane Hamil-
tonian including all second order terms representing the far-
band contributions, but did not apply their results to a
calculation of the optical constants. On the other hand
Johnson et al.19 applied a slightly different version of the
envelope function method, and deduced optical constants
from their superlattice energies and eigenfunctions. But in
their approach they used a simplified band model, which
omits all the second order far-band contributions, with the
exception of a finite heavy hole mass. In order to overcome
these shortcomings, we have combined the essential aspects
of both approaches.23 This enables us to calculate the optical
constants based on a realistic band structure model, which
includes all second order higher band contributions.
The bands of both bulk HgTe and CdTe are described by
Kane’s four-band model (88k•p) including second order
remote band contributions. The envelope function method in
the axial approximation is widely used to calculate the band
structure of the HgTe/CdTe SL.18,19 The axial approximation
gives exact results for the band gaps of 001 oriented sys-
tems, because nonaxial terms in the Hamiltonian vanish for
k
0. It is well known that the axial approximation is not
exact for growth directions other than 
001 and 
111 even
for k
0.24 Therefore we have taken the approach of Los,
Fasolino, and Catellani25 and transformed the Hamiltonian
into symmetry adapted basis functions for the 
112 growth
direction. We then compared the band structure using this
adapted Hamiltonian with an axial approximation for the
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112 direction. The results of the axial approximation are
not exact, however, they give a good approximation, within
1 or 2 meV, for the subband energies at k
0 as well as for
an average of the subband dispersion over all k
 directions.
Consequently all absorption coefficient calculations and
most intersubband transition energy calculations were car-
ried out using this adapted Hamiltonian in the axial approxi-
mation, in order to reduce the calculation time. Moreover our
band structure model is equivalent to that used by Schultz
et al.26 to calculate Landau levels in (112)B HgTe quantum
wells.
The effects of strain due to lattice mismatch were also
taken into consideration. The lattice mismatch between
HgTe and its environment is less than 0.1% which results in
a shift in intersubband transition energies of less than 3 meV
and can therefore be neglected. In contrast to the 
001
direction,20 the strain tensor for the 
112 direction has a
shear strain component. This results in a piezoelectric field in
the growth direction.27 We have calculated the strain for a
free standing, strained (112)B SL and a fully strained
(112)B SL on a Cd0.96Zn0.04Te substrate. From these results
the piezoelectric field has been calculated to be less than 5
mV/100 Å whose influence on intersubband transition ener-
gies is less than 1 meV and can therefore be neglected in the
calculations.
A revised set of values for the band parameters deduced
from measurements on bulk HgTe and Hg1xCdxTe by
Weiler28 were employed which nevertheless reproduce the
same bulk band structure (1.0 eV, 14.1, 20.5, 3
1.3, F0, and Ep18.8 eV):
mhh* 112122 32 32	
1
m00.53m0 ,
2
mhh* 0011221m00.32m0 at 5 K. 3
The SL band structure is primarily determined by that of the
quantum well and is influenced to a much lesser degree by
the band structure of the barrier. Therefore the above values
were employed for both the HgTe quantum wells and the
Hg1xCdxTe barriers. According to Weiler28 the only param-
eter that changes significantly with alloy composition and
temperature is the energy gap. The energy gaps of HgTe and
Hg1xCdxTe were taken from the empirical Eg(x ,T) rela-
tionship according to Laurenti et al.9 with the exception of
HgTe at temperatures greater than 5 K as discussed in the
following sections. The valence band offset between HgTe
and Hg1xCdxTe is employed as an adjustable variable and
is assumed to vary linearly with x for Hg1xCdxTe, i.e.,
x .29 An interface width dt which results during growth or
from interdiffusion of the two types of layers was integrated
into the theory. The concentration profile across the interface
is described by an error function similar to an experimental
profile according to Kim et al.3
The complex dielectric constant can be written as
Ri

0
, 4
where R() is the residual contribution of the lattice and
higher subbands which is assumed to be constant over the
frequencies of interest in this investigation, R()10. The
complex dynamic conductivity, , is determined by mak-
ing use of Kubo’s formula23 and finally the absorption coef-
ficient is given by


c
&2
1
, 5
where 1() and 2() are the real and imaginary compo-
nents of , respectively.
IV. RESULTS AND DISCUSSION
A. „112…B orientation
The transmission and absorption spectra for a (112)B
HgTe/Hg0.05Cd0.95Te SL at 5 K are shown in Fig. 1. Three
distinctive steps are observed which we have assigned to the
H1-E1, L1-E1, and H2-E2 intersubband transitions. H, L,
and E are the heavy hole, light hole, and electron subbands,
respectively. In contrast, Yang et al.6 attributed the first two
steps at lower energies in a similar SL to the H1-E1 and
H2-E2 transitions, and the weak shoulder near 240 meV to
L1-E1. In order to insure a correct assignment, there must be
agreement between the calculated transition probabilities and
the observed absorption coefficient spectrum as well as be-
tween the calculated and experimental frequencies. That this
is the case here, is demonstrated in Fig. 2 where the experi-
mental and theoretical absorption as well as the calculated
absorption for the three individual transitions are plotted ver-
sus energy. The relative heights of the three steps are in good
agreement with experiment, even though their absolute mag-
nitudes are underestimated due to the neglect of Coulomb
interaction between electron and hole.30 The energies of the
H1-E1 and L1-E1 transitions are in good agreement
whereas agreement is only fair at higher energies, e.g., for
H2-E2, as expected for a perturbation theory. The weak
FIG. 1. Transmission and absorption spectra of the
(112)B HgTe/Hg0.05Cd0.95Te superlattice Q943 at 5 K.
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shoulder near 240 meV is due to the H2-E1 transition which
is allowed only for k0. For these reasons and others which
will become apparent below, we shall concentrate on the
H1-E1 and L1-E1 transitions.
1. Intersubband transition energies
The absorption edges have been determined by two dif-
ferent methods. In the first method, the absorption edge is
defined as the energy at the maximum value of the first de-
rivative of the absorption coefficient. This is schematically
demonstrated in Fig. 3 for Q943 at 5 K. The full widths at
half maximum FWHM of the derivative for the H1-E1 and
L1-E1 transitions are 8.5 and 13 meV, respectively. Also
shown is a theoretically calculated  and its derivative, to-
gether with the calculated intersubband transition energies.
The dispersion for these transitions is indicated by the width
of the two vertical lines, i.e., 0.5 and 1.8 meV for these
two transitions. A small energy dispersion and hence a wide
barrier is desired in order to minimize uncertainties in the
transition energies. The barrier widths of most of the SL’s in
this investigation are 80 Å, which result in a dispersion of
1.0 and 3.5 meV, respectively. The shape and width of
the experimental  and d/dE of Q943 were simulated by
assuming a Gaussian distribution of quantum well widths
with 	1.5 Å.31 As can be seen, the absorption edges coin-
cide with the intersubband transition energies to within 1
meV. In this investigation an uncertainty of 2 meV holds
for all samples, with one exception in which a systematic
discrepency of 4 meV for L1-E1 is observed. This is due to
interference effects which have not been completely re-
moved but being known can be taken into account.
In the second method the absorption edge is determined
from the change in the absorption coefficient according to
Eq. 1. The near equivalence of these two methods of deter-
mining the band edges and consequently the intersubband
transition energies are demonstrated in Fig. 4. In this figure
the dashed line represents d/dE at 40 K and the solid line
represents T60 K /T20 K1 whose effective temperature is 40
FIG. 2. Experimental and theoretical absorption coefficients of
the (112)B HgTe/Hg0.05Cd0.95Te superlattice Q943 at 5 K. Also
shown are the individual contributions of the H1-E1, L1-E1, and
H2-E2 intersubband transitions.
FIG. 3. Experimental thick line and theoretical thin line ab-
sorption coefficients, and their first derivatives thick and thin
dashed lines, respectively for the (112)B HgTe/Hg0.05Cd0.95Te
SL Q943 at 5 K. The intersubband transition energies are indicated
by vertical lines and their dispersion for q
z, the miniband width,
by the width of these vertical lines.
FIG. 4. Ratio of transmission T spectra at T60, and T20 K
solid line is compared with the first derivative of  dashed line
for Q943 at 40 K.
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K. The experimental transition energy defined as the energy
at the maximum value of T60 K /T20 K1 is in good agree-
ment with the corresponding energy for d/dE , in this case
the energy difference is 1 meV for both transitions.
The energies of the H1-E1 and L1-E1 transitions at 5 K
for all of the investigated (112)B SL’s are plotted versus
quantum well width, dw , in Fig. 5. Also shown is the energy
difference between these two intersubband transitions, i.e.,
EH1-EL1EL1-E1-EH1-E1 . Obviously both transitions have
a strong inverse dependence on dw , whereas EH1-EL1 is
nearly independent of dw . On the other hand, EH1-EL1 de-
pends nearly linearly on the valence band offset . Hence a
determination of  is possible which is not influenced by
uncertainties in dw . The three sets of lines in Fig. 5 are the
FIG. 5. Experimental values for EH1-E1 filled circles, EL1-E1
empty circles, and the energy difference EH1EL1 empty
squares for all 112B SL’s together with theoretical results at 5 K
lines are plotted vs dw . Calculated results using dt24 Å and
xw0.00 for possible values of  are shown. dt is the interface
width.
FIG. 6. Experimental values for EH1-E1 filled circles, EL1-E1
empty circles, and EH1EL1 empty squares for all 112B SL’s
together with theoretical results at 5 K lines are plotted vs dw .
Calculated results for possible values of  and superlattice param-
eters are shown.
FIG. 7. Experimental thick line and theoretical thin line ab-
sorption coefficients, and their first derivatives thick and thin
dashed lines, respectively for the (112)B HgTe/Hg0.05Cd0.95Te
SL Q943 at 160 K. The intersubband transition energies are indi-
cated by vertical lines and their dispersion for q
z, the miniband
width, by the width of these vertical lines.
TABLE I. Average value of the valence-band offset between
HgTe and CdTe, ¯ , necessary to predict the experimental value of
EH1EL1 and its standard error for a range of all feasible superlat-
tice parameters for the 112B and 001 orientations at 5 K.
dt (Å) xw ¯ (meV)
112B 18 0.02 55612
24 0.00 5617
24 0.01 5738
30 0.00 5907
001 18 0.03 5469
24 0.02 5527
30 0.00 5527
30 0.01 5657
36 0.00 5838
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results of the theory for these intersubband energies for a
series of values for  assuming dt24 Å and xw0.0.
Even though the growth conditions for these SL’s were as
similar as possible, with the exception of the growth tem-
perature for three SL’s, a variation in SL parameters such as
xw and dt is possible. A number of superlattice parameter
sets give good to acceptable agreement with the experimen-
tal values, however,  is nearly independent of the set cho-
sen. This is schematically illustrated in Fig. 6. As can be
seen the experimental and calculated energies for the H1-E1
and L1-E1 intersubband transitions agree within the experi-
mental uncertainties in these energies and in dw . In addition
the experimental values for EH1-EL1 agree with the calcula-
tions employing the values of  shown in Fig. 6. The above
is true for this range of superlattice parameters. SL param-
eters which do not fulfill this criterion have been excluded
from the following statistical analysis.
Because the values of xw and dt and their variations are
uncertain, an analysis for each feasible set of parameters has
been carried out. The calculated value of  necessary to
reproduce the experimental value of EH1-EL1 for each of the
16 SL’s has been averaged. This average value of  and its
standard error are tabulated for each set of parameters in
Table I. The  values for each SL have been weighted in
inverse proportion to the experimental uncertainties in
EH1-EL1 shown in Figs. 5 and 6. The results may be sum-
marized as a range of possible values at 5 K expressed as
57026 meV.
2. Temperature dependence
Spectra of the absorption coefficient and its derivative for
Q943 at 160 K are reproduced in Fig. 7. The absorption
edges as defined by d/dE are shifted to higher energies and
are slightly broader with a FWHM of 15 and 22 meV for the
H1-E1 and L1-E1 intersubband transitions, respectively.
However their shapes are similar to those at 5 K and the
intersubband transition energies coincide with the peaks of
d/dE within 2 meV. This is true up to room temperature,
therefore, an accurate temperature coefficient for these tran-
sitions can be determined. The H1-E1 and L1-E1 intersub-
band transition energies for Q943 are shown as a function of
temperature in Fig. 8. Values determined from the transmis-
sion ratio are indicated by empty circles and those from
d/dE by filled circles. The energies from these two meth-
ods are nearly equal: Most of the latter symbols are obscured
by the former. As can be seen there is less scatter in the data
from the transmission ratio method. A small Burstein-Moss32
shift of about 2 meV can be seen at temperatures below 50
K.
Experimental values of EH1-EL1 , which are plotted ver-
sus temperature as empty and filled squares, display a sig-
nificant temperature dependence. Therefore according to the
conclusions presented above,  is also temperature depen-
dent. Linear temperature coefficients have been calculated
for these three energies using the SL parameters determined
below, and are displayed in Fig. 8 as three lines. Obviously,
the calculated results are in excellent agreement with the
experimental values. Because the temperature dependence of
EH1-EL1 is linear within experimental uncertainties, we pro-
pose that this is also the case for :
T 0
d
dT T . 6
FIG. 8. Experimental H1-E1 and L1-E1 intersubband transi-
tion energies as well as EH1EL1 are plotted as a function of tem-
perature. Values determined from d/dE are represented by filled
symbols and those from the transmission ratio by empty symbols.
The lines are the results of theoretical calculations using the SL
parameters indicated in the figure and discussed in the text.
FIG. 9. Linear temperature coefficients for EH1-E1 filled
circles, EL1-E1 empty circles, as well as EH1EL1 empty
squares are plotted vs EH1-E1 at 5 K for all 112B SL’s. Calcu-
lated results for dt24 Å, xw0.00, 0560 meV and taking  to
be independent of temperature, d/dT0.0 meV/K, are repro-
duced as solid lines.
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In order to determine the magnitude of this temperature
dependence, we have employed a procedure which relies
only on experimentally determined energies and not on dw or
other SL parameters. This is illustrated in Fig. 9 where the
temperature coefficients for EH1-E1 , EL1-E1 , and EH1-EL1
are plotted versus EH1-E1 5 K for the (112)B SL’s. The
curves are results of the theory when  is assumed to be
temperature independent and the energy gap of HgTe at
room temperature, Eg(0,300 K), is taken to be 140 meV.33
Even though the temperature dependence of the H1-E1 tran-
sition can be reproduced, this is clearly not the case for either
L1-E1 or the energy separation between these two transi-
tions, EH1-EL1 . Consequently the results of previous inves-
tigations, which are based merely on the H1-E1 transition
can be misleading. For example the conclusion of von
Truchsess et al.34 that  is temperature independent, is ob-
viously incorrect.
It will be demonstrated below that the temperature depen-
dence of the L1-E1 intersubband transition is determined by
the temperature dependence of both the HgTe band gap and
:
dEL1-E1
dT  f  dEg0,T dT , ddT  . 7
The calculated temperature dependence of EL1-E1 is com-
pared with experiment in Fig. 10. Calculated values for
EL1-E1 approach zero for very wide quantum well widths,
i.e., pure HgTe, and consequently this is also true for
EL1-E1 /T . Shown in Fig. 10 are calculations assuming 
to be independent of temperature together with both
Eg(0,300 K)140 and 160 meV, dashed and dotted line,
respectively. Decreasing this energy from 140 to 160
meV improves the fit at low energies whereas the shape at
higher energies is increasingly determined by the value of
d/dT . A least square fit of Eq. 7 to the experimental
values, shown as a solid line in Fig. 10, results in
Eg(0,300 K)1602 meV and d/dT0.40
0.04 meV/K, which are listed in Table II. This value for
Eg(0,300 K) differs appreciably from literature values of
140 and 120 meV,33,9 which clearly lie outside of the
experimental uncertainties in this investigation. However,
these two values are not experimental values: They have
been determined by extrapolating experimental results for
T100 K up to room temperature. The empirical relation-
ship for the band gap of Hg1xCdxTe according to Laurenti
et al.9 has been modified as follows in order to incorporate
our value for HgTe:
Egx ,T 3031x 1606x132x1x 

4.951x 3.25x3.93x1x 
101T2/
111x 78.7xT 8
in units of meV. This empirical equation reproduces the
Eg(x ,T) values of Laurenti et al.9 to within 2 meV for all x
values and low temperatures as well as for x0.6 and tem-
peratures up to 300 K. In particular, Eg(1,T) is unchanged
for CdTe.
On the basis of x-ray photoemission spectroscopy XPS
and ultraviolet spectroscopy UPS Sporken et al.35 con-
cluded that the valence-band offset between CdTe and HgTe
was independent of temperature between 50 K and room
temperature with an uncertainty of 0.25 meV/K. However
the valence-band offset was not determined at k0: Their
UPS samples were sputtered and they employed the He I and
He II emission lines whose energies correspond to a position
in the Brillouin zone far removed from k0.36
FIG. 10. Linear temperature coefficient for EL1-E1 empty
circles is plotted vs EL1-E1 at 5 K for all 112B SL’s. Calculated
results are shown for the following values of Eg(0,300 K) and
d/dT:140 meV and 0.0 meV/K dashed line, respectively;
160 meV and 0.0 meV/K dotted line; 160 meV and 0.40
meV/K solid line.
TABLE II. Experimentally determined values together with their uncertainties for Eg 0,300 K, 0 , 
300K, d/dT , and mhh* 300 K for the 112B and 001 orientations.
Eg(0,300 K)
meV
0
meV
 300 K
meV
d
dT
meV/K
mhh* 5 Ka
m0
mhh* 300 K
m0
112B 1602 57226 45232 0.400.04 0.53 0.790.04
001 1574 56627 45834 0.410.10 0.32 0.400.11
aAfter Ref. 28.
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The experimental temperature dependence of EL1-E1 , and
that of EH1-E1 , as will be demonstrated below, cannot be
explained unless  is temperature dependent. Since the en-
ergy gaps of HgTe and CdTe as well as either their conduc-
tion bands, valence bands, or a combination of both, depend
on temperature, it would be a remarkable coincidence if the
valence-band offset between the two were independent of
temperature. Particularly since the band gap of HgTe in-
creases with temperature and that of CdTe decreases.
The results for EH1-E1 , EL1-E1 , and EH1-EL1 using a
linear temperature coefficient for  of 0.40 meV/K are
displayed in Fig. 11 by the dashed lines. Agreement with
experiment at lower values of EH1-E1 5 K is good as pre-
viously reported,37 however, at higher energies this is not the
case. Better agreement with experiment over the entire en-
ergy range can only be achieved by assuming that the heavy
hole effective mass is also temperature dependent: One or
more of the band structure parameters 1 , 2 , and 3 are
temperature dependent. Analogous to the above treatment,
the temperature dependence of the H1-E1 intersubband
transition can be expressed as
dEH1-E1
dT  f  dEg0,T dT , ddT , dmhh*dT  . 9
The first two temperature coefficients have been determined
above and will be held constant. A least square fit of Eq. 9
to the experimental values of EH1-E1 , which is shown as a
solid line in Fig. 11 results in mhh* (112)0.790.04 m0 at
300 K, see Table II.
B. „001… orientation
This more symmetric surface has a number of advantages
but also distinct disadvantages. For example, the more sym-
metric Hamiltonian does not lead to a monoclinic distortion
or a piezoelectric effect as is the case for 112.15,16 As men-
tioned above, values for the well and barrier widths via x-ray
diffraction are more accurate, however, the Cd concentration
in the barriers is appreciably lower, 0.68 instead of 0.95.
This has two important consequences. First, due to the lower
energy barrier the useful experimental data are limited to a
smaller energy range. Second, the absorption edges are at
least a factor of 2.5 broader, apparently due to greater alloy
fluctuations in the barriers.31
The experimental energies for the H1-E1 and L1-E1
transitions at 5 K for all of the investigated 001 SL’s are
plotted versus quantum well width in Fig. 12. The energy
difference between these two intersubband transitions is also
shown. Both transitions display a strong inverse dependence
on dw , whereas EH1-EL1 is nearly independent of dw . As is
the case for the (112)B SL’s, EH1-EL1 is, within experimen-
tal error, linearly dependent on the valence-band offset 
which permits a determination of  independent of uncer-
tainties in dw . The three sets of lines in Fig. 12 are the
results of the theory for these intersubband energies for a
series of values for  assuming dt30 Å and xw0.0.
As demonstrated above for (112)B SL’s, good to accept-
able agreement with the experimental values of EH1-EL1 can
also be achieved for 001 SL’s with a number of SL param-
eters, however,  is nearly independent of the set chosen.
This is schematically illustrated in Fig. 13. The calculated
value of  for each set of SL parameters necessary to repro-
FIG. 11. Linear temperature coefficients for EH1-E1 filled
circles, EL1-E1 empty circles, as well as EH1EL1 empty
squares are plotted vs EH1-E1 at 5 K for all 112B SL’s. Calcu-
lated results for dt24 Å, xw0.00, 0560 meV, and d/dT
0.40 meV/K are reproduced as dashed lines, and the results
when in addition mhh* is temperature dependent as solid lines.
FIG. 12. Experimental values for EH1-E1 filled circles, EL1-E1
empty circles, and EH1EL1 empty squares for all 001 SL’s
together with theoretical results at 5 K lines are plotted vs dw .
Calculated results using dt30 Å and xw0.00 for possible values
of  are shown. dt is the interface width.
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duce the experimental value of EH1-EL1 for the 12 SL’s has
been averaged. These average values of  and their standard
errors are tabulated for each set of parameters in Table I. The
 values for each SL have been weighted in inverse propor-
tion to the experimental uncertainties in EH1-EL1 shown in
Figs. 12 and 13. A range of possible values which can gen-
erate the experimental results at 5 K is given by 564
27 meV.
The experimental linear temperature coefficients for
EH1-E1 , EL1-E1 , and EH1-EL1 together with calculations as-
suming a temperature-independent  and Eg(0,300 K)
130 meV are displayed in Fig. 14 by the dashed lines.
Agreement with experiment for the temperature dependence
of EH1-E1 is reasonable, however, that is obviously not the
case for either EL1-E1 or EH1EL1 . A least square fit of
EL1-E1 to the calculated relationship of Eq. 7 and that of
EH1-E1 to Eq. 9, which is shown in Fig. 14 as solid lines,
results in d/dT0.410.10 meV/K, Eg(0,300 K)
1574 meV, and mhh* (001)0.400.11 m0 at 300 K, as
listed in Table II.
C. Eg„0,300 K… , „T… , and mhh* „T…
The valence-band offset between HgTe and CdTe, , has
been the subject of a long standing controversy, which has
been reviewed by, for example, Meyer et al.38 In early
magneto-optical experiments on semiconducting superlat-
tices, both a small offset of 40 meV and a larger value of
approximately 350 meV were deduced.39,12 In contrast, x-ray
and ultraviolet photoelectron spectroscopy have provided a
consistent value of approximately 350 meV.40,35,29 Johnson,
Hui, and Ehrenreich41 resolved the apparent controversy in
favor of the larger , demonstrating that with increasing ,
HgTe/CdTe superlattices would change from semiconduct-
ing behavior to semimetallic and back to semiconducting
behavior due to crossing and uncrossing of the H1 and E1
subbands. The authors showed that the electron cyclotron
mass observed in previous magneto-optical experiments39
could be explained better with 350 meV as opposed to 40
meV. The most widely accepted value has been 350 meV
from XPS and UPS measurements, however, values for  up
to 800 meV have been subsequently reported for magneto-
optical experiments.42 An offset of 550 meV at liquid helium
temperatures have been deduced from photoluminescence
and magneto-optical spectra, however, this value is the offset
between HgTe and Hg0.15Cd0.85Te which scales linearly to
about 650 meV between HgTe and CdTe.6 A magneto-
optical investigation of the electron effective mass at the
conduction band edge together with the energy of all four
observed intersubband transitions for a 001 SL by von
Truchsess et al.10 resulted in a value of 55050 meV at 4.2
K. From the crossing of a Landau level from the conduction
subband with one from the valence subband in an (112)B
HgTe/CdTe quantum well with inverted band structure,
Schultz et al.26 obtained a value of 610 meV for .
In the present investigation we have demonstrated that
57030 meV at 5 K for both the 001 and the (112)B
orientation, by taking advantage of the fact that the valence
band offset between HgTe and CdTe is primarily responsible
for the separation between the H1-E1 and L1-E1 transition
energies of HgTe/Hg1xCdxTe superlattices with a normal
band structure. Values for either EH1-E1 or EL1-E1 can be
FIG. 13. Experimental values for EH1-E1 filled circles, EL1-E1
empty circles, and EH1EL1 empty squares for all 001 SL’s
together with theoretical results at 5 K lines are plotted vs dw .
Calculated results for possible values of  and superlattice param-
eters are shown.
FIG. 14. Linear temperature coefficients for EH1-E1 filled
circles, EL1-E1 empty circles, as well as EH1EL1 empty
squares are plotted vs EH1-E1 at 5 K for all 001 SL’s. Calculated
results for dt30 Å, xw0.00 and 0560 meV together with the
presumption that  and mhh* are independent of temperature are
reproduced as dashed lines and results of a least square fit in which
 and mhh* are temperature dependent as solid lines.
PRB 62 10 361BAND STRUCTURE AND ITS TEMPERATURE . . .
85
simulated by varying one or more of the many superlattice
parameters, however, to a good approximation, all relevant
superlattice parameters have little or no effect on this energy
difference, with the exception of . This leads to an unam-
biguous value or range of values for . This range of pos-
sible values, 30 meV, is due to a weak dependence on
other superlattice parameters xw and dt and uncertainties in
their values. According to Wood and Zunger22 the accuracy
of subband energies near the 	 point for the k•p method in
the envelope function approximation primarily reflects the
accuracy of the k•p band parameters for the bulk constitu-
ents, weighted by the magnitude of their presence in the
superlattice. Consideration of the experimental uncertainties
in the parameters for the bulk constituents28 as well as the
uncertainties in the superlattice parameters discussed above,
result in 57060 meV for 001 and (112)B at 5 K.
In most UPS investigations35  was not determined at k
0 and XPS experiments average over all k values. Disper-
sion in k space is quite different in HgTe and CdTe, and the
extrapolation method of determining the valence band maxi-
mum can be less accurate for k0.36 In spite of the possi-
bility of large systematic errors due to these facts, a value of
350 meV at 300 K has been consistently obtained. The
study of Eich et al.36 at k0 is a notable exception which
reports a value of 53030 meV at 300 K. The room tem-
perature value determined here, 45060 meV, lies between
these two values.
The temperature dependence of both H1-E1 and L1-E1
intersubband transitions can only be explained, if
Eg(0,300 K)1605 meV and if both  and mhh* have a
significant temperature dependence. This requisite depen-
dence in both cases can be expressed as a linear dependence.
In the former case, d/dT0.400.04 meV/K for
(112)B and, even though there is no a priori reason that 
and its temperature coefficient must be equivalent for these
two orientations, within experimental error, this is the case,
i.e., d/dT0.410.10 meV/K for 001. Sporken
et al.35 concluded from an XPS and UPS study that the
valence-band offset between HgTe and CdTe was indepen-
dent of temperature between 50 K and room temperature
with an uncertainty of 0.25 meV/K. However, the authors
did not determine the valence-band offset at k0, which can
lead to large systematic errors according to the arguments
given above. In the latter case, mhh* (112)0.790.04 m0 at
300 K when the literature value28 of mhh* (112)0.53 m0 at 5
K is employed, and mhh* (001)0.400.11 m0 at 300 K com-
pared to the value employed at 5 K, mhh* (001)0.32 m0 ,28
see Table II. If these values for mhh* (001) according to Eq.
3 are inserted into Eq. 2 then the resulting anisotropic
component of mhh* (112), i.e., (32), is temperature inde-
pendent, within experimental uncertainty.
The resulting temperature coefficients for H1-E1 and
L1-E1 are in good agreement with experiment as can be
seen in Figs. 11 and 14. Meyer et al.7 have determined the
temperature coefficient of the photoluminescence peak for
several (112)B HgTe/Hg0.10Cd0.90Te SL’s. These values are
also in reasonably good agreement with our model within the
uncertainty in the position of the peak relative to the H1-E1
intersubband transition energy.43
The band gap of HgTe has been determined by conven-
tional magneto-optical methods only for temperatures up to
approximately 100 K.1 These values have been combined
with Hg1xCdxTe band gap energies for x0.23 and tem-
peratures up to room temperature in empirical
relationships,33,9 which extrapolate to values for Eg(0,300 K)
of 140 and 120 meV, respectively. These values are sig-
nificantly larger than the experimentally determined value in
this investigation, i.e., Eg(0,300 K)1605 meV.
V. CONCLUSIONS
Intersubband transitions and their dependence on tem-
perature in semiconducting HgTe/Hg1xCdxTe superlattices
with normal band structure have been investigated for a large
number of superlattices. It has been demonstrated that  is
primarily responsible for the separation between the H1-E1
and L1-E1 transition energies of HgTe/Hg1xCdxTe super-
lattices with normal band structure. To a good approxima-
tion, all other relevant superlattice parameters have little or
no effect on this energy difference. This leads to a value for
the valence band offset between HgTe and CdTe given by
57060 meV at 5 K for both the 001 and the (112)B
orientations. This uncertainty in  is due to uncertainties in
the k•p band parameters of the bulk constituents as well as
due to a weak dependence on xw and dt and uncertainties in
their values.
An explanation of the temperature dependence for both of
these intersubband transition energies leads to the following
unambiguous conclusions.  is temperature dependent as de-
scribed by the linear temperature coefficient of 0.40
0.04 and 0.410.10 meV/K for (112)B and 001, re-
spectively. Within experimental error, these values are
equivalent. Thus 45060 meV at 300 K for both orien-
tations. Second, the energy gap of HgTe at 300 K is given by
Eg(0,300 K)1605 meV. This value is appreciably
lower than the extrapolated values found in the literature.
Finally the anisotropic heavy hole effective mass for HgTe
was shown to have a significant temperature dependence,
however, the anisotropic component of mhh* (112) is, within
experimental uncertainty, independent of temperature.
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Inverted band structure of type-III HgTeÕHg1ÀxCdxTe superlattices
and its temperature dependence
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Intersubband transitions in 001- and 112B-orientated HgTe/Hg1xCdxTe superlattices with an inverted
band structure have been investigated in order to determine their band structure. The results are compared with
k•p calculations in the envelope function approximation using the full 88 Kane Hamiltonian. Up to six
intersubband transitions and their temperature dependences have been observed. Three transitions display a
positive dependence on temperature and the remaining three a negative dependence. Agreement with theory for
all observed transitions and both orientations is good. Due to the close proximity of the first conduction
subband and the Fermi energy, the influence of the charge carriers must be taken into account.
DOI: 10.1103/PhysRevB.68.035202 PACS numbers: 78.20.Bh, 71.20.b, 78.20.Ci
I. INTRODUCTION
As is well known the optical and magnetotransport prop-
erties of HgTe/Hg1xCdxTe quantum wells QW’s and su-
perlattices SL’s are determined by their band structure,
which particularily in type-III superlattices is largely deter-
mined by that of the quantum well. This has been demon-
strated for the optical properties of semiconducting superlat-
tices with a normal band structure, i.e., with a quantum well
width of dw6 nm.1,2 Recently large Rashba3 spin-orbit
SO splitting has been observed in n-type modulation-doped
HgTe/Hg1xCdxTe quantum wells with an inverted band
structure, i.e., dw6 nm, by means of Shubnikov–de Haas
SdH oscillations.4,5 Rashba SO splitting magnitudes of up
to 17 meV in these QW’s were shown by Zhang et al.5 to be
due to the heavy-hole nature of the conduction subband. The
authors were able to quantatively describe the observed
Rashba SO splitting by means of self-consistent Hartree cal-
culations of the band structure based on an 88
k•p model. The valence-band structure has been the subject
of investigations of mixed conductivity in HgTe/
Hg1xCdxTe multiple quantum wells and superlattices.6,7
Ortner et al.8 have recently investigated the valence-band
structure via magnetotransport experiments on p-type
modulation-doped HgTe/Hg0.3Cd0.7Te001 quantum wells
and have demonstrated that QW’s with an inverted band
structure are indirect semiconductors; i.e., their valence band
has a maximum at finite k
 .
However, a systematic study of the optical properties of
HgTe/Hg1xCdxTe quantum wells or superlattices with an
inverted band structure has yet to be published. An investi-
gation of the optical properties of HgTe/Hg1xCdxTe SL’s
with normal band structure has led to information about the
quantum-well material and valence-band discontinuity be-
tween barrier and well.2 The temperature dependence of the
intersubband transition energies is directly influenced by that
of the band gap of HgTe, which has led to a determination of
the negative band gap of HgTe at room temperature as well
as the temperature dependence of the heavy-hole effective
mass. Furthermore, it was demonstrated that the valence-
band offset is to a good approximation primarily responsible
for the energy difference between the first heavy-hole, H1,
and the first light hole, L1, subband of a HgTe/Hg1xCdxTe
superlattice with normal band structure. This energy differ-
ence was shown to be nearly independent of other superlat-
tice parameters and, consequently, has led to a precise deter-
mination of the valence-band offset between HgTe and CdTe,
 .
In this article it will be shown that the optical properties
and the corresponding inverted band structure of SL’s can be
equally well described by means of the parameters used in
calculations for SL’s with normal band structure. In the latter
case the band structure and consequently the optical proper-
ties strongly depend on the quantum well width, whereas this
dependence is less pronounced for the former case.
II. EXPERIMENTAL DETAILS
Epitaxial growth was carried out in a Riber 2300, molecu-
lar beam epitaxial MBE system which has been modified to
permit the growth of Hg-based materials as has been de-
scribed elsewhere.9 After the growth of a thin CdTe buffer
layer, the HgTe/Hg1xCdxTe superlattices were grown on
001- and 112B-oriented Cd0.96Zn0.04Te substrates at
180 °C. The substrate temperature was determined with an
accuracy of 2 °C by means of a thermocouple which was
in physical contact with a molybdenum substrate holder and
was carefully calibrated at the melting points of indium and
tin.
The composition of the barrier material has been deter-
mined by means of transmission measurements10 on thick
test layers of Hg1xCdxTe grown under identical conditions
with the exception of the absence of the HgTe layers. At a
growth temperature of 180 °C, x0.700.02 and x0.95
0.02 for the 001 and 112B orientations, respectively.
The first value has been corroborated by a determination of
the barrier TO phonon frequency for several 001 SL’s.11
In this investigation the well thickness dw and hence that
of the barrier, db , of 001 superlattices have been deter-
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mined by means of a dynamic simulation of the 002 and
004 Bragg reflections measured in a six-crystal x-ray
diffractometer.12,13 The intensity of the normally weak 002
Bragg reflection is about 15% of that of the 004 Bragg
reflection in these superlattices. This is caused primarily by
the HgTe layer: the structure factor for the 002 Bragg re-
flection is much larger for HgTe than for CdTe.12 This is due
to the larger Hg atom with its greater number of electrons.
X-ray diffraction in 112B-oriented heterostructures is
more complicated and the results are less accurate. First of
all, there is only one useful reflection, 224, which is essen-
tially equally strong for HgTe and CdTe. Second, shear strain
results in a monoclinic distortion which must be taken into
account before the data can be correctly simulated.14,15
Optical transmission measurements were carried out in
the middle infrared regime with a Fourier transform spec-
trometer, Bruker IFS88. The lowest experimental frequency
was limited by absorption due to multiple-phonon processes
in the substrate and SL as well as the transmission of the
optical windows in the cryostat. A LiTaO3 detector was usu-
ally employed rather than a liquid-nitrogen-cooled
detector—e.g., Hg1xCdxTe—because of its better linearity.
The absorption coefficient was determined by fitting the ex-
perimental transmission spectra to a theoretical description
of the multilayer system using standard matrix procedures.16
The position of the absorption edge was determined rela-
tive to that of the corresponding intersubband transition en-
ergy; the transition energies were calculated and the shape of
the theoretical absorption coefficient was adapted to that of
the experimental coefficient. Employment of a Gaussian dis-
tribution of either the quantum well and barrier widths or the
composition of the wells results in good agreement with ex-
periment. In general, absorption edges, defined by the corre-
sponding maxima in the first derivative of the absorption
coefficient, agree well with the intersubband transition ener-
gies with the exception of transitions which are not com-
pletely resolved. Hence we can confidently assign intersub-
band transition energies to the corresponding maxima in the
first derivative.
It has been demonstrated that the absorption edges can
also be determined from the transmission spectra directly.2 If
a transmission spectrum at one temperature is divided by a
spectrum at a slightly different temperature, the result is pro-
portional to the corresponding change in the absorption co-
efficient:
T
T d , 1
where T and d are the transmission and sample thickness,
respectively. Hence a good approximation of  can be ob-
tained merely from a ratio of the transmission spectra2 with-
out the complications and uncertainties in calculating the ab-
sorption spectrum of the SL in a multilayer structure.16 By
keeping the temperature difference small, T10–40 K, re-
sidual interference effects are effectively reduced near the
transition itself and nearly eliminated at other frequencies.
The index of refraction undergoes a change of up to about
5%–10% near an intersubband transition; however, this has
been shown to result in a negligible shift of the experimental
absorption edge of 1 meV.2
The transmission spectra of the SL’s were measured at
various temperatures; see, for example, Fig. 1. This was done
for temperatures of 5–320 K with a temperature interval of 5
K at low temperatures and 10 K at higher temperatures, in
order to improve the statistical significance of the data.
III. THEORETICAL DETAILS
Numerous k•p band structure calculations using the enve-
lope function approximation for the HgTe/Hg1xCdxTe su-
perlattice have been published.17–20 A brief review of the
these calculations can be found in Ref. 2
In this investigation the bands of both bulk HgTe and
CdTe are described by Kane’s four-band model (88
k•p) including all second-order remote band contributions.
The envelope function method in the axial approximation
has been employed to calculate the band structure of the
HgTe/CdTe SL.17,18 The axial approximation gives exact re-
sults for the band gaps of 001-oriented systems, because
nonaxial terms in the Hamiltonian vanish for k
0; how-
ever, it is well known that the axial approximation is not
exact for growth directions other than 
001 and 
111 even
for k
0.21 Therefore we have taken the approach of Los
et al.22 and transformed the Hamiltonian into symmetry-
adapted basis functions for the 
112 growth direction. The
band structure using this adapted Hamiltonian has been com-
pared with an axial approximation for the 
112 direction.
The results of the axial approximation are not exact; how-
ever, they give a good approximation, within 1 or 2 meV, for
the subband energies at k
0 as well as for an average of the
subband dispersion over all k
 directions. Consequently, in
order to reduce the calculation time, all absorption coeffi-
cient calculations and most intersubband transition energy
FIG. 1. The transmission spectra of a HgTe/
Hg0.05Cd0.95Te112B superlattice, Q944, at several temperatures.
The spectra are shifted along the vertical axis for clarity.
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calculations were carried out using this adapted Hamiltonian
in the axial approximation.
The effects of strain due to lattice mismatch were also
taken into consideration, even though the lattice mismatch
between HgTe and the Hg1xCdxTe barriers is less than
0.1%. This results in a shift in intersubband transition ener-
gies of less then 3 meV and can therefore be neglected. In
contrast to the 
001 direction,19 the strain tensor for the

112 direction has a shear strain component. This results in
a piezoelectric field in the growth direction.23 The strains for
a free-standing, strained 112B SL and a fully strained
112B SL on a Cd0.96Zn0.04Te substrate have been calcu-
lated. Due to the lack of a substrate in the former case, the
shear strain component between the SL and its environment
is zero. From these results the piezoelectric field has been
calculated to be less than 5 mV/100 Å whose influence on
intersubband transition energies is less than 1 meV and can
therefore be neglected in the calculations.
A revised set of values for the band parameters deduced
from measurements on bulk HgTe and Hg1xCdxTe by
Weiler24 was employed which nevertheless reproduces the
same bulk band structure (1.0 eV, 14.1, 20.5,
31.3, F0, and Ep18.8 eV). Since the SL band struc-
ture is primarily determined by that of the quantum well and
is influenced to a much lesser degree by the band structure of
the barrier, the above values were employed for both the
HgTe quantum wells and the Hg1xCdxTe barriers. This re-
sults in no significant changes in the calculated band struc-
ture. According to Weiler24 the only parameter that changes
significantly with alloy composition and temperature is the
energy gap. The energy gaps of HgTe and Hg1xCdxTe were
taken from a slight alteration of the empirical Eg(x ,T) rela-
tionship according to Laurenti et al.,10 which takes a recently
determined value for HgTe at room temperature into
account.2 The valence-band offset between HgTe and CdTe
was taken to be
T 0
d
dT T 2
where 0570 meV and d/dT0.40 meV/K according
to Becker et al.2 and (T) is assumed to vary linearly with x
for Hg1xCdxTe, i.e., x(T).25 An interface width which
results during growth or from interdiffusion of the two types
of layers was integrated into the theory. The concentration
profile across the interface is described by an error function
similar to an experimental profile according to Kim et al.26
The complex dielectric constant can be written as
Ri

0
, 3
where R() is the residual contribution of the lattice and
higher subbands which is assumed to be constant over the
frequencies of interest in this investigation, R()10. The
complex dynamic conductivity () is determined by mak-
ing use of Kubo’s formula,27 and finally the absorption coef-
ficient is given by


c
22
1
, 4
where 1() and 2() are the real and imaginary compo-
nents of (), respectively.
IV. RESULTS AND DISCUSSION
A. „112…B orientation
Transmission spectra of an 112B-oriented SL are shown
in Fig. 1 at several temperatures. Numerous distinctive steps
are visible, which with decreasing temperature become more
pronounced. The three broad steps at 300 K have been as-
signed to the H2-E2, H3-E3, and H4-E4 intersubband
transitions. H, L, and E are the heavy-hole, light-hole, and
electron subbands, respectively. In the inverted band regime
the valence subbands and the conduction subbands at low
energies are mixed to varying degrees at finite k; however,
for the sake of brevity we shall continue to use these desig-
nations. With decreasing temperature fine structure becomes
readily discernable: at lower temperatures numerous minima
are visible and noteworthy are the pronounced minima at the
band edges near 128 and 288 meV, a feature which is nor-
mally associated with an exciton. The absorption spectrum
together with the first derivative of the absorption coefficient
for this SL at 5 K is shown in Fig. 2. At least three additional
peaks at approximately 80, 368, and 482 meV are now vis-
ible which are assigned to the E1-H1, L2-H1, and L2-E2
intersubband transitions.
The calculated absorption coefficient spectrum, which is
also shown in Fig. 2, is in good agreement with experiment.
This agreement between the calculated transition probabili-
ties and the observed absorption coefficient spectrum, as well
as between the calculated and experimental frequencies, cor-
FIG. 2. The experimental thick line and theoretical thin line
absorption coefficients and their first derivatives thick and thin
dashed lines, respectively for a HgTe/Hg0.05Cd0.95Te112B SL,
Q944, at 5 K.
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raborates the above-mentioned assignments. The relative
heights of the corresponding steps are in good agreement
with experiment, even though the absolute magnitude of the
absorption coefficient  is underestimated due to the neglect
of Coulomb interaction between electron and hole.28
1. Intersubband transition energies
The absorption edges have been determined from both the
transmission and absorption spectra. In the latter case, the
absorption edge is defined as the energy at the maximum
value of the first derivative of the absorption coefficient. This
is schematically demonstrated in Fig. 2 for Q944 at 5 K. The
full widths at half maximum FWHM of the derivative for
the E1-H1 and H2-E2 transitions are 7.2 and 4.9 meV, re-
spectively. Also shown are a theoretically calculated  and
its derivative. The shape and width of the experimental 
and d/dE for Q944 in Fig. 2 were simulated by assuming a
Gaussian distribution of quantum well widths with 
4.0 Å.29 The absorption edges coincide with the intersub-
band transition energies of H2-E2 to within 2 meV for all
samples. The agreement for most of the other transitions is
not as good due to their close proximity, e.g., H4-E4 and
L2-E2, as well as due to the influence of the Fermi energy
on some intersubband transitions as discused below.
With the other method the absorption edge is determined
from the change in the absorption coefficient according to
Eq. 1. The near equivalence of these two methods of deter-
mining the band edges and consequently the intersubband
transition energies is demonstrated in Fig. 3. In this figure the
dashed line represents d/dE at 10 K and the solid line
represents T15 K /T5 K1 whose effective temperature is also
10 K. The experimental transition energies defined as the
energies at the maximum or minimum values of T15 K /T5 K
1 are in good agreement with the corresponding energies
for d/dE; i.e., the energy difference is 1 meV for all six
transitions. Because the E1-H1, L2-H1, and L2-E2 inter-
subband transitions are negatively dependent on temperature,
minima in T15 K /T5 K1 are observed instead of the maxima
for the other three intersubband transitions.
Because the Fermi energy is close to the H1 subband and
strongly depends on the charge carrier concentration due to
the small effective electron mass, the E1-H1 and L2-H1
intersubband transitions are influenced by the electron den-
sity n. This is illustrated for E1-H1 in Fig. 4 in which the
theoretical  for three values of n is plotted together with the
experimental absorption coefficient. At low carrier densities
one sharp peak in d/dE is visible, which with increasing
densities shifts to higher energies and becomes broader. Fi-
nally, at higher carrier concentrations, two broad steps are
expected. The higher-energy feature is due to the
Burstein-Moss30 shifted E1-H1 intersubband transition,
whereas the expected lower-energy feature is a result of the
H4-H1 transition. These two intersubband transitions at dif-
ferent carrier densities are schmatically shown as arrows in a
diagram of the band structure dispersion shown in Fig. 5.
The transition probability of the H4-H1 transition at low
densities, i.e., at k0, is negligible but is finite for k0,
according to the calculated dipole matrix elements shown in
Fig. 6.
In addition the L2-H1 intersubband transition also shifts
to higher energies with increasing n. Therefore these results
indicate that a rough estimate of n can be obtained from
transmission measurements.
2. Temperature dependence
The intersubband transition energies for Q944 are shown
as a function of temperature in Fig. 7. Values determined
from the transmission ratio are indicated by solid circles and
FIG. 3. The ratio of the transmission T at T15 and T5 K
solid line is compared with the first derivative of  dashed line
for Q944 at 10 K. The intersubband transitions are indicated by
arrows. Minima are observed in the transmission ratio for those
with a negative temperature dependence.
FIG. 4. The experimental solid line and theoretical dotted,
dashed, and dash-dotted lines absorption coefficients and their first
derivatives for a HgTe/Hg0.05Cd0.95Te112B SL, Q944, for three
different electron concentrations at 5 K.
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those from d/dE by open circles. The energies from these
two methods are nearly equal: most of the former symbols
are obscured by the latter. As can be seen there is less scatter
in the data from the transmission ratio method. The experi-
mental values of the H2-E2, H3-E3, and H4-E4 intersub-
band transition energies display a significant positive tem-
perature dependence. In contrast, the temperature
dependence of the E1-H1, L2-H1, and L2-E2 transition
energies is negative. The temperature dependence of the ini-
tial subband is less than that of the final subband for H2-E2,
H3-E3, and H4-E4 and vice versa for the other three inter-
subband transitions. Noteworthy are the weaker features in
Fig. 7, whose temperature dependence is similar to that of
the neighboring H2-E2 and H3-E3 intersubband transitions.
In addition their energies are approximately equal to that of
the respective transitions plus or minus the LO phonon en-
ergy, ELO17 meV, of HgTe.31 The agreement for EH3-E3
ELO is not as good, due to the resonance induced mini-
mum on the high-frequency side of H3-E3.
Using the temperature dependence of the valence-band
offset, the HgTe band gap, and the heavy-hole effective mass
according to Becker et al.,2 the temperature dependence of
the six primary transitions from the initial subband i to the
final subband j have been calculated:
dEi j
dT  f  dEgHgTe,T dT , ddT , mhh*dT  . 5
The theoretical intersubband transition energies have been
determined from the ratio of the calculated transmission via
Eq. 1, with the exception of energies of an unresolved tran-
sition, i.e., L2-E2, which have been determined from the
band structure. All values are plotted together with the ex-
perimental results in Fig. 7 and are obviously in good agree-
ment with the experimental values. The agreement is excel-
lent for H2-E2, but is not as good for transitions at
progressively higher energies as expected for a perturbation
theory or for unresolved transitions.
B. „001… orientation
This more symmetric surface has a number of advantages
but also distinct disadvantages. For example, the more sym-
metric Hamiltonian does not lead to a monoclinic distortion
or a piezoelectric effect as is the case for 112.14,15 As men-
tioned above, values for the well and barrier widths via x-ray
FIG. 5. The band structure dispersion for a HgTe/
Hg0.05Cd0.95Te112B SL, Q944, at 5 K. The intersubband transi-
tions; E1-H1, H4-H1, and H2-E2; are indicated by arrows for
three different Fermi energies, i.e., electron concentrations, at 5 K.
FIG. 6. The dipole matrix elements for a HgTe/
Hg0.05Cd0.95Te112B SL, Q944, at 5 K.
FIG. 7. Experimental values of the observed intersubband tran-
sitions from d/dE open circles and TTT /TTT solid circles
together with theoretical results lines for a HgTe/
Hg0.05Cd0.95Te112B SL, Q944, as a function of temperature.
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diffraction are more accurate; however, the Cd concentration
in the barriers is appreciably lower, 0.70 instead of 0.95. This
has an important consequence. The absorption edges are up
to a factor of 2.5 broader, apparently due to greater alloy
fluctations in the barriers.29
The experimental and theoretical absorption coefficients
and their derivatives for a 001 SL, Q1667, at 10 K are
plotted in Fig. 8. Agreement between experiment and theory
is good, as is the case for the 112B-orientated SL, Q944,
and for two additional 001-oriented SL’s not shown here.
Because the band structure for these two orientations is simi-
lar, the E1-H1 and L2-H1 intersubband transitions are also
strongly influenced by the electron density for the 001 ori-
entation. This is illustrated for E1-H1 in Fig. 9 in which the
theoretical  for three values of n are plotted together with
the experimental absorption coefficient. The sharp peak in
d/dE at low carrier densities shifts to higher energies and
becomes broader with increasing densities. And as is the case
for Q944, two broad steps are expected at higher carrier con-
centrations, which are due to the Burstein-Moss30 shifted
E1-H1 intersubband transition and the H4-H1 transition for
k0. Again demonstrating that a rough estimate of n can be
obtained from transmission measurements.
The intersubband transition energies for Q1667 are plot-
ted as a function of temperature in Fig. 10. Results from the
transmission ratio method are represented by solid circles
and those from d/dE by open circles. Here these two meth-
ods are also nearly equivalent and there is less scatter in the
data from the transmission ratio method. Since features in 
are much less pronounced in the 001-oriented SL’s, the
transitions involving the LO phonon were not observed. The
calculated temperature dependence of the observed intersub-
band transitions, which are displayed as lines in Fig. 10, is
obviously in good agreement with the experimental values.
As can be seen, agreement is better for transitions at lower
energies, especially for H2-E2, as is expected for a pertur-
bation theory.
V. CONCLUSIONS
Intersubband transitions and their dependence on tem-
perature in semiconducting HgTe/Hg1xCdxTe superlattices
with an inverted band structure have been investigated for
the 001 and 112B orientations. k•p calculations in the
envelope function approximation using the full 88 Kane
Hamiltonian are in good agreement with experiment. Re-
FIG. 8. The experimental thick line and theoretical thin line
absorption coefficients and their first derivatives thick and thin
dashed lines, respectively for a HgTe/Hg0.3Cd0.7Te001 SL,
Q1667, at 10 K.
FIG. 9. The experimental solid line and theoretical dotted,
dashed, and dash-dotted lines absorption coefficients and their first
derivatives for a HgTe/Hg0.3Cd0.7Te001 SL, Q1667, for three dif-
ferent electron concentrations at 10 K.
FIG. 10. Experimental values of the intersubband transition en-
ergies from the maximum value of d/dE open circles and the
ratio of the transmission spectra (TTT /TTT , solid circles, to-
gether with theoretical results lines for a HgTe/Hg0.3Cd0.7Te001
SL, Q1667, vs temperature.
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cently published values for (T), Eg(HgTe,T), and mhh*
from an investigation of HgTe/Hg1xCdxTe superlattices
with a normal band structure have been employed. Of the six
observed intersubband transitions, the temperature depen-
dences of three are positive and those of the other three are
negative. Transitions have been observed in a 112B-
oriented SL, which involve the H2-E2 and H3-E3 intersub-
band transitions, and the LO phonon. Furthermore, the
charge carrier density strongly influences the E1-H1 and
L2-H1 intersubband transitions. Hence a rough estimate of n
can be determined from the optical absorption.
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Abstract
Asymmetrically modulation-doped HgTe quantum wells of (0 0 1) orientation were produced by molecular beam epitaxy.
N-type doping was achieved with iodine and p-type doping by the incorporation of nitrogen. At 4.2K the n-type sam-
ples have electron mobilities up to 105 cm2=Vs, the maximum Hall mobility of the p-type specimens is around 2× 104 cm2=Vs.
Very pronounced Shubnikov–de Haas oscillations were observed in both n-type and p-type samples. In the n-type specimens
the quantum oscillations persisted up to temperatures of 60K. The Shubnikov–de Haas oscillations in the p-type samples
were highly irregular. Because the data cannot be explained without detailed theoretical calculations of Landau levels for the
heterostructure self consistent Hartree calculations were performed using a 8× 8k · p model. The magnetic eld-dependent
density of states was calculated. More regular oscillations are predicted at higher magnetic elds approaching 30 T. ? 2000
Elsevier Science B.V. All rights reserved.
PACS: 72.20.M; 73.61.G; 71.20.M
Keywords: HgTe; Quantum wells; Magnetotransport; Band structure
In the past, quantum transport experiments on
n-type modulation-doped HgTe heterostructures have
been performed primarily on superlattices and mul-
tiple quantum wells (MQW). Shubnikov-de Haas
(SdH) oscillations and quantum Hall eect have been
observed in those samples [1,2]. Quantum transport
eects in modulation-doped n-type HgTe single quan-
tum wells (SQW) grown by molecular beam epitaxy
∗ Corresponding author. Tel.: +49-931-885869; fax:
+49-931-885142.
E-mail address: pfeuer@physik.uni-wuezburg.de
(A. Pfeuer-Jeschke)
were initially reported by Goschenhofer et al. [3].
These samples show very pronounced SdH oscilla-
tions in a temperature range between 1.6 and 60K
together with well-pronounced quantum Hall plateaus
at low temperatures. Fig. 1 shows the temperature de-
pendence of the magnetoresistance and the Hall eect
for one sample with a mobility of 68:2× 103 cm2=Vs
and a carrier concentration of 5:16× 1011 cm−2. The
existence of SdH oscillations up to 60K is the con-
sequence of the small eective mass of about 0:02m0
[4]. At low temperatures spin splitting is observed for
magnetic elds above 2 T. Quantum Hall plateaus at
all integer lling factors are observed in this regime.
1386-9477/00/$ - see front matter ? 2000 Elsevier Science B.V. All rights reserved.
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Fig. 1. Temperature dependence of the SdH oscillations (a) and
the quantum Hall eect (b) for a n-type HgTe QW.
For specimens with a small carrier concentration of
about 1:6× 1011 cm−2 the plateau with occupation
number of 1 at 25:813 k was achieved at a eld
strength of about 4 T.
In this article we shall concentrate on p-type
modulation-doped HgTe SQWs. Quantum trans-
port experiments on intrinsic p-type HgTe=HgCdTe
superlattices and intrinsic p-type HgTe=HgCdTe
SQWs have been reported in the literature [5,6].
Whereas the superlattices showed Hall mobilities up
to 30× 103 cm2=Vs the mobility of the SQWs was
only about 1× 103 cm2=Vs. SdH oscillations and
quantum Hall eect were evident in the SQWs, but
the SdH oscillations were not pronounced. A weakly
developed Hall plateau at lling factor 2 was ob-
served and a very wide one at lling factor 1 ranging
from a magnetic eld of 4 T to a magnetic eld of
15 T. To our knowledge no quantum transport results
have yet been reported on p-type modulation-doped
HgTe SQWs.
We have produced asymmetrically modulation-
doped (0 0 1) HgTe QWs with Hg0:3Cd0:7Te barriers
by molecular beam epitaxy (MBE) in which the over-
lying CdTe layer was doped with nitrogen. All sam-
ples were grown on Cd0:96Zn0:04Te(0 0 1) substrates.
A Hg0:3Cd0:7Te barrier with thickness of 26 nm was
grown on top of a 100 nm thick CdTe buer. The
thicknesses of the subsequently grown HgTe QWs
varied from 12 to 20 nm. The upper barrier consisted
of a 2 nm Hg0:3Cd0:7Te layer. This QW structure was
separated from the doped layer by a spacer. The spacer
consisted of a 2 nm thick graded gap transition from
HgCdTe to CdTe and a 2.5 nm thick CdTe layer. The
CdTe layers with a typical thickness of 12 nm were
doped with nitrogen at growth temperatures between
220◦C and 230◦C. All samples are fully strained as
was conrmed by high-resolution X-ray diraction.
Magnetotransport measurements have been per-
formed up to magnetic elds of 10 T and for tem-
peratures between 1.6 and 4.2K. All samples showed
a high degree of homogeneity as conrmed by mea-
surements in dierent magnetic eld orientations
and with redundant contact combinations. The hole
densities deduced from the classical Hall eect var-
ied between 4:7× 1011 and 8:65× 1011 cm−2 at 1.6
K and the mobility varied between 14:3× 103 and
35:8× 103 cm2=Vs. At 1.6K the samples showed
well-pronounced SdH oscillations and the quantum
Hall eect was evident, even though the plateaus
were not well developed. In contrast to the n-type
samples mentioned above the oscillations died out
very fast with increasing temperature as a conse-
quence of the large mass of the holes. Fig. 2 shows
the magnetoresistance and the Hall eect of a typical
sample with a well width of 15 nm, a carrier con-
centration of 8:65× 1011 cm−2 and a Hall mobility
of 14:3× 103 cm2=Vs at 1.6K. Weakly developed
Hall plateaus at lling factors of 10, 7, 5 and 4 can
be observed and the SdH oscillations are highly ir-
regular. If one takes the Hall plateaus seriously the
sequence of minima in the SdH oscillations cannot be
associated with a regular sequence of lling factors.
Nevertheless the information about the lling factor
is useful in determining a hole concentration which
can be compared to that of the Hall eect. For a
carrier concentration of p= 8:65× 1011 cm−2 we ex-
pect minimia in the SdH oscillations according to the
formula B= hp=e for lling factors of = 10, 7, 5
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Fig. 2. SdH oscillations and Hall eect of a p-type sample at 1.6
K.
and 4 at magnetic elds of about 3.6, 5.1, 7.1 and 8.9
T respectively. These values coincide quite well with
the position of the minima in the magnetoresistance.
Irregular patterns in the SdH oscillations are well
known from heterostructures with two or more occu-
pied subbands [7]. In order to understand main fea-
tures of the data we have performed self-consistent
Hartree calculations of the band structure based on a
8× 8k · pmodel. The model includes all second-order
terms representing the remote-band contributions, but
neglects the intrinsic inversion asymmetry of the ma-
terial, which is known to be extremely small. The
envelope function approximation is used to calculate
the subbands of the heterostructure. We have calcu-
lated the band structure of a HgTe QW embedded
in Hg0:3Cd0:7Te barriers taking the anisotropy of the
in plane band structure (warping) into account. This
anisotropy is known to be negligible for the conduc-
tion bands but is important for the valence bands, for
the band parameters see Ref. [4].
In the following the results are discussed for a
150 A wide HgTe SQW with a hole density of
8:0× 1011 cm−2. HgTe QWs of this thickness are in
the so-called inverted semiconducting regime, where
the conduction band is the rst heavy hole subband
(H1) and the valence band is the second heavy hole
subband (H2). Fig. 3 shows the self consistently
calculated band structure. The subband dispersion is
shown for k = (kx; ky) in (0; 1) and (1; 1) directions.
Whereas the H1 subband is nearly axially symmetric,
the importance of the axial asymmetry (warping) of
Fig. 3. Self consistently calculated band structure of a HgTe QW
with p = 8:0× 1011 cm−2.
the H2 subband is obvious. Due to the asymmetric
doping of the heterostructure the Hartree potential it-
self is asymmetric which results in a lifting of the spin
degeneracy for each subband for a given k-vector.
The band structure demonstrates that the QW is an
indirect semiconductor because the maximum of the
valence band is not located at the center of the Bril-
louin zone but at a nite k. Only one spin component
of the H2 subband is occupied with holes above the
Fermi energy. The band structure shown in Fig. 3
results in two Fermi contours for the holes. This is
also shown in Fig. 4 where lines of constant energy
for the occupied subband have been plotted. Only
the rst quadrant of the Brillouin zone is shown. The
grey area is a ring-like region that is occupied by the
holes. In contrast to the inner Fermi contour which is
nearly a circle the outer one shows clearly the four
fold symmetry of the band structure.
Using the Hartree potential from the self consis-
tent band structure calculation we have calculated the
Landau level spectrum from 2 up to 30T. The Landau
levels corresponding to the band structure discussed
above have been plotted in the lower part of Fig. 5.
Again we have taken the four fold symmetry of the
QW into account. This results in four sets of Landau
levels with the same symmetry. Landau levels with
150
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Fig. 4. Contour plot of the rst valence band with the occupied
states (grey area) of the example discussed in the text.
Fig. 5. Landau levels (a) and density of states (b) of a HgTe QW
with p = 8:0× 1011 cm−2.
dierent symmetry may cross, in contrast to Landau
levels with the same symmetry. The anticrossing be-
haviour is well known from p-type systems where the
axial asymmetry of the band structure is important [7].
But due to the complex band structure of the H2 sub-
band this anticrossing behaviour is more pronounced
here. It is noteworthy that to our knowledge this is the
rst Hartree calculation for p-type HgTe QWs and the
rst calculation of Landau levels in which warping
has been taken into account in this system. The Lan-
dau level structure is very complicated for small mag-
netic elds where there is a quasicontinuum. For elds
above 7 T we obtain a more regular structure. This
can also be seen in the upper part of Fig. 5 where we
have plotted the density of states (DOS) at the Fermi
energy. Assuming a Gaussian broadening of the Lan-
dau levels the DOS has been calculated according to
D(E) =
1
2l2c
∑
n
1√
2
exp
(
− (E − En)
2
2
)
;
where lc =
√
˜=eB is the magnetic length and the sum
is over all Landau levels. For the broadening parameter
we assumed  = 0
√
B=T with 0 = 0:2meV. The
oscillations in the DOS below 6 T are highly irregular
and the minima in the DOS cannot be associated with
integer lling factors (vertical dotted lines in Fig. 5).
Above 6 T the oscillations become more regular and
the minima can be found at integer lling factors.
In conclusion our calculations have shown that only
one subband is occupied in our samples. Due to the
fact that the holes are located at nite k, irregular
oscillations in the DOS arise at lower magnetic elds.
More regular SdH oscillations are predicted for higher
magnetic elds up to 30 T.
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Abstract
The MBE growth of type III HgTe/Hg1−xCdxTe heterostructures will be discussed. Spin–orbit (s–o) coupling is particularily large in HgTe
based quantum wells; the observed value of 17 meV is at least two to three times larger than values reported in the literature for III–V
heterostructures or any other system. Rashba spin–orbit splitting in n type modulation doped quantum wells (QWs) has been investigated as a
function of the 2DEG density and compared with self-consistent Hartree calculations based on an 8×8 k ·p model. Furthermore the presence
of two periodic SdH oscillations in p type QWs with an inverted band structure has been observed and is the first direct evidence that these
heterostructures are indirect semiconductors.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The Hg1−xCdxTe alloy has been one of the most com-
mercially exploited alloys in recent decades. Recent appli-
cations require increasingly complex heterostructures [1].
In addition, physics based on spin in semiconductor het-
erostructures have recently aroused much interest, not only
from the fundamental point of view, but also due to an in-
creased interest in devices which are based on the spin of
the electron rather than its charge [2]. It is well known that
the bulk inversion asymmetry (BIA) of the crystal structure,
e.g., zinc blende, can remove the spin degeneracy of elec-
trons even in the absence of a magnetic field [3,4]. Zero
magnetic field spin–orbit (s–o) splitting can also be a con-
sequence of structure inversion asymmetry (SIA) known as
Rashba s–o splitting [5,6] such as that found in inversion
layers or asymmetric quantum wells (QWs) with an asym-
metric confinement potential [7]. The Rashba effect usually
dominates in 2D structures [8] and in particular, the influ-
∗ Corresponding author. Tel.: +49-931-888-5794;
fax: +49-931-888-5142.
E-mail address: becker@physik.uni-wuerzburg.de (C.R. Becker).
ence of BIA has been shown to be negligible in the HgTe
based narrow-gap heterostructures discussed here [9].
The Rashba effect has been investigated by means of
experiments involving Shubnikov-de Haas oscillations and
self-consistent Hartree calculations based on the band struc-
ture via an 8 × 8 k · p Kane model [10]. The band struc-
ture and hence the optical and transport properties of type
III heterostructures are largely determined by that of the
quantum well. The validity of the band structure and conse-
quently the input parameters, e.g., valence band offset, has
been demonstrated by means of absorption experiments on
HgTe/Hg0.3Cd0.7Te superlattices [11].
2. Experimental and theoretical details
Fully strained HgTe/Hg0.3Cd0.7Te heterostructures were
grown by molecular beam epitaxy (MBE) on Cd0.96Zn0.04
Te(001) substrates at a temperature of 180 ◦C; growth de-
tails can be found in [11,12]. n type QWs have been mod-
ulation doped either symmetrically or asymmetrically using
CdI2. The Hg0.3Cd0.7Te barriers are composed of a 5–10 nm
thick spacer and a 9 nm thick doped layer. A Hg0.3Cd0.7Te
0925-8388/$ – see front matter © 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.jallcom.2003.04.002
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cap layer of ≥5.5 nm thickness was subsequently grown. In
addition, p type modulation doped HgTe/Hg0.3Cd0.7Te have
been grown using either plasma activated nitrogen or arsenic
as the dopant [13,14]. The HgTe width was determined via
a dynamic simulation of the (0 0 2) and (0 0 4) Bragg reflec-
tions [11]. The other thicknesses were estimated from the
corresponding growth rates. After growth, a standard Hall
bar was fabricated by means of a wet chemical etch, then a
200 nm thick Al2O3 film, which serves as an insulating layer,
was deposited by electron beam evaporation. Finally Al was
evaporated to form a gate electrode. Ohmic indium contacts
were fabricated by thermal bonding. The samples were mea-
sured in either a He4 or He3 cryostat with standard lock-in
techniques using a current of 1A at temperatures down to
0.4 K and magnetic fields up to 14 T. The mobilities at zero
gate voltage and 1.6 K are 1.3×105 and 3.5×105 cm2/(Vs)
for two n type specimens with well widths of 12 and 21 nm,
respectively. The highest observed mobility for a p type
HgTe/Hg0.3Cd0.7Te QW is 1.0 × 105 cm2/(Vs).
In order to interpret the experimental transport data,
self-consistent Hartree based on an 8×8 k ·p band structure
model including all second order terms in the conduction
and valence band blocks of the 8 × 8 Hamiltonian have
been carried out [15,10].
3. Results and discussion
3.1. Rashba s–o splitting
As expected from their high electron mobilities, all n type,
modulation doped QWs show very pronounced SdH oscil-
lations and well developed quantum Hall plateaus [10]. The
results of a Fourier transformation of the complex SdH os-
cillations for the symmetrically modulation doped sample
Q1605 with a well width of 21 nm are shown in Fig. 1.
At a gate voltage, Vg, of 0.2 V, the QW potential is nearly
symmetric and only two frequencies, which correspond to
the H1 and E2 subbands, are resolved and no splitting of
the H1 subband can be observed. For either more positive
or more negative gate voltages, a large splitting of the H1
subband is apparent. Besides the main peaks; E2, H1+ and
H1−; harmonics can be observed. The largest Hall mobility
was 6.0 × 105 cm2/(Vs) at a gate voltage of 2.0 V; to our
knowledge this is the highest value that has been observed
for HgTe QWs.
According to self-consistent band structure calculations
the first two conduction subbands are H1 and E2, and the va-
lence band is the H2 subband. This is a consequence of the
inverted band structure of QWs with a large well width [10].
No splitting of the H1 and E2 subbands for the symmetric
case was predicted and none was observed. However in the
asymmetric case, a small spin splitting of the E2 subband at
finite k‖ is predicted as well as a substantially larger split-
ting of the H1 subband. It should be mentioned here that the
two spin split branches of the H1 subband cannot be des-
Fig. 1. SdH oscillations in ρxx(B) (a) and the corresponding fast Fourier
transformations (FFT) (b) for a n type symmetrically modulation doped
HgTe QW (Q1605) at 1.6 K and various gate voltages. In (b) the up and
down arrows represent the two spin states of the H1 subband. The circles
represent the results of theoretical calculations for the population of H1
and E2 subbands.
ignated as spin-up and spin-down because their eigenstates
are not linearly polarized and do not carry a net magnetic
moment [16]. The degeneracy of the H2 valence subband
is also removed and one spin component has a larger max-
imum at finite k‖, i.e., here we are dealing with an indirect
semiconductor [14].
As can be seen in Fig. 2, the experimental values and
the theoretical calculations of the difference in population,
nH1, between the two spin states of the H1 subband are
in good agreement. The calculated carrier densities in both
the H1 and E2 subbands at various gate voltages also agree
with the experimental values. It should be emphasized that
the occupation of the E2 subband depends mainly on the
well width and not on the details of the self-consistently
calculated Hartree potential.
Winkler [16] has demonstrated that spin splitting for the
heavy hole like state |Γ8,±3/2〉 should be proportional to
k3‖ for small k‖ values. The spin split heavy hole subband
dispersion can be expressed as
E±(k‖) =
h¯2k2‖
2m∗
± βk3‖ (1)
where β is the spin–orbit coupling constant between the
Γ8 and Γ6 bands. Indeed, the numerical results for EH1
shown in Fig. 3 can be described by a cubic dependence on
k‖ at small values of k‖. In contrast, spin splitting for the
electron like state |Γ6,±1/2〉 and the light hole like state
|Γ8,±1/2〉, should be a linear function of k‖. This is in
good agreement with the self-consistently calculated EE2
versus k‖ behavior at small values of k‖ as shown in Fig. 3.
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Fig. 2. Experimental (circles) and calculated (lines) population differences
nH1 in the two spin states of the H1 subband as a function of the total
charge carrier density, nSdH. The nds parameter is the depleted charge
density in the doped layer on the substrate side. nsym is the carrier density
when the QW potential is symmetric. This corresponds to the point when
nH1 = 0. nds is employed as an input parameter in the self-consistent
Hartree calculations.
3.2. p Type modulation doped QWs
Experimental results shown in Fig. 4 for a p type asym-
metrically modulation doped QW, Q1441, with an inverted
band structure displays pronounced and complex SdH scil-
lations, which begin below 0.3 T, and well developed quan-
tum Hall plateaus. This QW also has a large mobility, i.e.
μ = 1.0×105 cm2/(Vs). Noteworthy is also the large change
in the magneto-resistance for magnetic fields up to 0.2 T.
If dρxx/dB is plotted versus 1/B, two periods can eas-
Fig. 3. The calculated spin splitting energy of the H1 and E2 subbands
(solid curves), EH1 and EE2, vs. in-plane wave vector k‖ for sample
Q1605 at Vg = −2.0 V. The position of the Fermi wave vector kF is
denoted by the dotted-dashed line. The two dashed lines demonstrate that
EH1 and EE2 are proportional to k3‖ and k‖, respectively, at small k‖.
Fig. 4. The quantum Hall effect and SdH oscillations for a p type
asymmetrically modulation doped QW, Q1441, with dw = 20 nm at a
temperature of 0.4 K. p = 2.9 × 1011 cm−2 and μ = 1.0 × 105 cm2/(Vs)
at 0.4 K. dρxx/dB at low B is displayed in the inset.
ily be distinguished, which are due to the indirect band
gap.
A FFT of the SdH oscillations for various hole concen-
trations in a gated p type QW results in two frequencies cor-
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Fig. 5. FFT of SdH oscillations for the gated Hall bar from Q1645 with
dw = 15 nm at 0.45 K. The diamonds represent the total hole density
from the Hall coefficient. The peak at the frequency p1 vanishes when
the hole concentration exceeds 5 × 1011 cm−2.
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responding to the concentrations p1 and p2, see Fig. 5. The
total hole concentration, p2, is in good agreement with the
Hall concentration at low magnetic fields [14]. p2/p1 = 4,
within experimental uncertainties, for p2 < 5 × 1011 cm−2.
p2 can be increased up to 1.1 × 1012 cm−2, however, above
5 × 1011 cm−2 the peak corresponding to p1 disappears as
shown in Fig. 5, in good agreement with theoretical calcu-
lations.
The valance band of HgTe QWs with an inverted band
structure has a maximum at finite k‖ [14]. Therefore, at hole
concentrations of less than about 5 × 1011 cm−2 a contour
plot of the intersection of the Fermi energy with that of the
first valence subband, H2, results in four equivalent uncon-
nected areas. For p2 > 5 × 1011 cm−2 the Fermi contour
resembles a single distorted ring [14]. The experimental re-
sults are in good agreement with the theoretical prediction
of four equivalent valleys.
4. Conclusions
Magneto-transport studies have been performed on n and
p type modulation doped HgTe single QWs with inverted
band structure. Rashba spin splitting in n type QWs with
an inverted band structure has been investigated at dif-
ferent electron concentrations via a gate voltage. A large
Rashba spin splitting has been observed, which is due
to the heavy hole nature of the first conduction subband,
H1.
SdH oscillations of p type QWs display two periods,
however, they have been shown to be due to their indirect
band gap and the resulting multiple valleys, and not due to
Rashba spin–orbit splitting. Both n and p modulation doped
HgTe QWs, have high mobilities of up to 6.0 × 105 and
1.0 × 105 cm2/(Vs), respectively.
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Abstract
The MBE growth of Hg Cd Te alloys and type III HgTeyHg Cd Te heterostructures has been discussed, including1yx x 1yx x
similarities and differences between the (0 0 1) and (1 1 2)B orientations. Furthermore the MBE growth of HgTe based quantum
wells (QWs) with the incorporation of Mn are additional topics. An investigation of the optical properties of type III superlattices
with a normal band structure has lead to information about band structure of these heterostructures as well as information about
the interface and the semimetallic QW. For example, by means of the full 8=8 Kane Hamiltonian in the envelope function
approximation, it has been demonstrated that the energy separation between the H1–E1 and L1–E1 intersubband transition
energies is primarily determined by the valence band offset, L, between HgTe and CdTe. This has led to unambiguous values for
the offset and its temperature dependence, i.e. L(T)s570"60 meV and dLydTsy0.40"0.04T meVyK. Furthermore the energy
gap of HgTe at room temperature has also been determined. Magneto-transport measurements of n-type QWs show very
pronounced Shubnikov-de Haas (SdH) oscillations and well developed quantum Hall plateaus for temperatures up to approximately
60 K. A large Rashba spin–orbit splitting of the first conduction subband, H1, has been observed in HgTeyHg Cd Te QWs1yx x
with an inverted band structure. Self-consistent Hartree calculations of the band structure based on the above model allows us to
quantitatively describe the experimental results and demonstrates that the heavy hole nature of the H1 subband greatly influences
the spatial distribution of electrons in the QW and thus enhances the Rashba spin splitting, i.e. . Furthermore, the3DE sbkH1 I
presence of two periodic SdH oscillations in p-type QWs with an inverted band structure has been observed and is the first direct
evidence that these heterostructures are indirect semiconductors. The influence of Mn in the upper barrier on the 2D electrons in
the well has been investigated as a function of their separation. With spacer thicknesses of 10 and 15 nm, no appreciable change
is observed, however, a reduction of the spacer thickness to 5 nm results in an increase in the maximum population difference
between the two Rashba spin split H1 subbands by a factor of approximately two.  2002 Elsevier Science B.V. All rights
reserved.
Keywords: Molecular beam epitaxy growth; HgTe; Hg Cd Te; Superlattices; Quantum wells; Valence band offset; Band structure; Rashba1yx x
spin splitting; Indirect band gap
1. Introduction
The Hg Cd Te alloy has been one of the most1yx x
commercially exploited alloys in recent decades. Both
bulk samples and epitaxial layers over the entire com-
position range can be produced. Due to applications
requiring increasingly complex heterostructures w1x,
molecular beam epitaxy (MBE) is now one of the more
important growth techniques. The MBE growth and the
dependence of the composition and surface structure on
crystal orientation will be discussed. The topics include
surface structure, incorporation of Hg and Cd, n and p
*Corresponding author.
E-mail address: becker@physik.uni-wuerzburg.de (C.R. Becker).
type doping, modulation doping of both n and p type
quantum wells (QWs), etc.
The band structure and hence the optical and electrical
properties of type III heterostructures are largely deter-
mined by that of the QW. For example the band gap of
HgTe and its temperature dependence directly influences
the temperature dependence of the superlattice (SL)
subbands and thus the temperature dependence of the
intersubband transition energies w2x. The magnitude of
the negative band gap of HgTe at room temperature is
subject to large experimental uncertainties due to diffi-
culties in the conventional magneto-optical method at
temperatures above 100 K w3x. Another such property is
the deformation potential of HgTe relative to that of
CdTe which has only recently been experimentally
166
130 C.R. Becker et al. / Thin Solid Films 412 (2002) 129–138
determined by means of an optical absorption investi-
gation of HgTeyHg Cd Te SLs under hydrostatic0.32 0.68
pressure w4x. Furthermore, it has been shown that the
valence band offset is to a good approximation primarily
responsible for the energy difference between the first
heavy hole, H1, and the first light hole, L1, subband of
a HgTeyHg Cd Te SL with normal band structure w2x.1yx x
This energy difference is nearly independent of other
SL parameters, and consequently leads to a precise
determination of the valence band offset, L, between
HgTe and CdTe.
The band structure and consequently the optical prop-
erties depend on the band structure of the QWs and
barriers, i.e. HgTe and Hg Cd Te, their widths, and1yx x
the potential energy differences between these two
components. The latter depends in turn on their com-
position, the valence band offset as well as the shape
and width of the Cd concentration profile across the
interfaces. A profile described by an error function
similar to an experimental profile according to Kim et
al. w5x is assumed and leads to a consistent description
of the experimental results. Finally, the width of this
interface, d , has been shown to be a convenient variablet
for the study of interdiffusion in these SLs w6x.
If the HgTe layer is less than 6 nm thick then the
heterostructure is a normal semiconductor, however, if
the thickness is greater than 6 nm then the band structure
is inverted, i.e. the G and G bands exchange places6 8
and the energy gap is negative. Magneto-transport exper-
iments have been conducted on both n and p type
modulation doped HgTeyHg Cd Te QWs with an1yx x
inverted band structure. An analysis of Shubnikov-de
Haas (SdH) oscillations in gate controlled n type QWs
reveals a large Rashba spin–orbit splitting w7,8x. This is
due to the heavy hole character of the first conduction
subband. In a p-type QW two periodic SdH oscillations
are observed which are caused by the indirect band
structure w9x.
2. Experimental details
The epitaxial alloys and heterostructures were grown
in a Riber 2300 MBE system as has been described
elsewhere w2,10x. After the growth of a thin CdTe buffer
layer, the alloys and heterostructures were grown on
(0 0 1) and (1 1 2)B oriented Cd Zn Te substrates0.96 0.04
at 180 8C. The (0 0 1) QWs were modulation doped
symmetrically, on both sides of the QW, and asymmet-
rically, on one side only, with either iodine or arsenic
for n and p type structures, respectively. The
Hg Cd Te barriers are comprised of a 50 A thick0.3 0.7 ˚
spacer and a 90 A thick doped layer.˚
Asymmetric HgTeyHg Cd Te(0 0 1) modulation0.3 0.7
doped n type QWs, were grown with Mn in the upper
barrier. Mn is separated from the HgTe layer by means
of a Hg Cd Te spacer, which was varied between 50.3 0.7
and 15 nm. Then a Hg Cd Te cap was grown, thereby0.3 0.7
maintaining the same total thickness of all layers above
the HgTe layer, i.e. 34 nm.
The composition of the barrier material w11x has been
determined by means of transmission measurements on
thick test layers of Hg Cd Te grown under identical1yx x
conditions. SL periods and HgTe(0 0 1) layer widths
have been determined via a dynamic simulation of the
(0 0 2) and (0 0 4) Bragg reflections measured in a six
crystal X-ray diffractometer w2x. A simulation of
(1 1 2)B oriented heterostructures is more complicated
and the results less accurate w12,13x.
After growth of the QWs, standard Hall bars were
fabricated by means of a wet chemical etch, then a 200
nm thick Al O film, which serves as an insulating2 3
layer, was deposited by electron beam evaporation.
Finally Al was evaporated to form a gate electrode.
Optical transmission measurements were carried out
in the middle and near infrared with a Fourier transform
spectrometer, Bruker IFS88. A LiTaO detector was3
usually employed rather than a liquid nitrogen cooled
detector e.g. Hg Cd Te, because of its better linearity.1yx x
The aperture was kept as small as possible for the same
reason, i.e. a diameter of 2–3 mm. The absorption
coefficient, a, was determined by fitting the experimen-
tal transmission spectra to a theoretical description of
the multi-layer system using standard matrix procedures
w14x.
3. Theoretical details
A large number of kØp band structure calculations
using the envelope function approximation for the
HgTeyHg Cd Te SL have been published during the1yx x
last decade w15–18x. A brief review of these and other
investigations pertinent to the results presented here can
be found in Ref. w2x.
The bands of both bulk HgTe and CdTe are described
by Kane’s four-band model (8=8 kØp) including sec-
ond-order remote band contributions. The envelope
function method has been used to calculate the band
structure of the HgTeyCdTe SL. The results of the axial
approximation are not exact, however, they give a good
approximation, within 1 or 2 meV, for the subband
energies at as well as for an average of thek s0I
subband dispersion over all directions. ConsequentlykI
all absorption coefficient calculations and most intersub-
band transition energy calculations were carried out
using an adapted Hamiltonian in the axial approxima-
tion, in order to reduce the calculation time.
The effects of strain due to lattice mismatch were
also taken into consideration. The lattice mismatch
between HgTe and its environment is less than 0.1%
which results in a shift in intersubband transition ener-
gies of less than 3 meV and can therefore be neglected.
In contrast to the w0 0 1x direction w17x, the strain tensor
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for the w1 1 2x direction has a shear strain component.
This results in a piezoelectric field in the growth
direction w19x. We have calculated the strain for a free
standing, strained (1 1 2)B SL and a fully strained
(1 1 2)B SL on a Cd Zn Te substrate. From these0.96 0.04
results the piezoelectric field has been calculated to be
less than 5 mVy100 A whose influence on intersubband˚
transition energies is less than 1 meV and can therefore
be neglected in the calculations.
A revised set of values for the band parameters (Ds
1.0 eV, g s4.1, g s0.5, g s1.3, Fs0 and E s18.81 2 3 p
eV) deduced from measurements on bulk HgTe and
Hg Cd Te by Weiler w20x were employed which nev-1yx x
ertheless reproduce the same bulk band structure:
y1B E3
* C Ž .Fm (1 1 2)s g y2g y g yg mhh 1 2 3 2 02D G
s0.53m (1)0
and
* y1Ž .m (0 0 1)s g y2g m s0.32 at 5 K. (2)hh 1 2 0
The energy gaps of HgTe and Hg Cd Te were taken1yx x
from the empirical E (x, T) relationship according tog
Laurenti et al. w11x with the exception of HgTe at
temperatures greater than 5 K as discussed below. The
valence band offset between HgTe and Hg Cd Te is1yx x
employed as an adjustable variable and is assumed to
vary linearly with x for Hg Cd Te, i.e. xL w21x. An1yx x
interface width, d , which results during growth or fromt
interdiffusion of the two types of layers was integrated
into the theory. The concentration profile across the
interface is described by an error function similar to an
experimental profile according to Kim et al. w5x.
Self-consistent Hartree calculations of modulation
doped HgTeyHg Cd Te QWs have been carried out1yx x
using Kane’s four-band model (8=8 kØp) described
above in order to quantitatively describe the observed
Rashba spin–orbit splitting, see Ref. w8x for details.
4. Results and discussion
4.1. Growth and characterization of Hg Cd Te1yx x
The growth of undoped Hg Cd Te(1 1 2)B has0.80 0.20
been investigated with regard to the mobility m and the
surface structure w22x. The mobility has a maximum
value of approximately 3=10 cm V s for a Hgy5 2 y1 y1
Te flux ratio of between 150 and 180. In contrast the
void density has a maximum value of 6=10 cm at5 y2
low ratios and falls rapidly to a nearly constant value
of 2=10 cm for ratios 0200. At a ratio of 180 the3 y2
void density is approximately 4=10 cm . In order to3 y2
obtain maximum mobilities, a HgyTe flux ratio of 180
was employed for the n-type layers in this investigation.
Hence these samples have slightly higher void densities
than the minimum values.
The optimum HgyTe flux ratio for the (1 1 2)B
orientation is about half of the optimum value for
Hg Cd Te(0 0 1) according to He et al. w23x. The0.80 0.20
latter value was chosen with regard to mobility and
density of hillocks. Obviously the incorporation of Hg
is more efficient in the (1 1 2)B alloys. This is also the
case for Cd; the CdyTe flux ratio necessary to grow an
(1 1 2)B alloy with xs0.20"0.01 at 180 8C is approx-
imately 20–30% smaller than the ratio needed for the
same composition in the (0 0 1) orientation w10x; and a
(1 1 2)B alloy grown with only the CdTe and Hg sources
results in xs0.95"0.02, but a (0 0 1) alloy grown
under the same conditions has a composition given by
xs0.68"0.02 w2x.
The n and p type doping of Hg Cd Te has been1yx x
investigated using iodine in the form of CdI , and either2
arsenic as Cd As or plasma activated nitrogen, respec-3 2
tively. n Type doping has been successful for the (0 0 1)
and (1 1 2)B orientations w10,22x over the entire com-
position range with the exception of large Cd concentra-
tions in the (1 1 2)B orientation. Producing p type alloys
is more difficult and to our knowledge in situ doping
has never been consistently successful. There is one
exception; CdTe can be p type doped with plasma
activated nitrogen up to concentrations of approximately
10 cm , however, at high charge carrier concentra-18 y3
tions the crystalline quality is adversely effected. Nor-
mally p type doping of the alloy with As requires an ex
situ anneal in Hg vapor at high temperatures. Neverthe-
less p type conductivity has been achieved in HgTe
QWs by means of in situ doping and activation of
Cd As in a CdTe layer w24x.3 2
A low resolution atomic force microscope (AFM)
image of an Hg Cd Te(1 1 2)B epitaxial layer is0.80 0.20
shown in Fig. 1. Long parallel ridges and trenches are
observed whose height difference is approximately 30
A. These ridges and trenches are parallel to the edges˚
of the sample, i.e. the {1 1 0} surface. The (1 1 2)B
surface can be thought of as an (1 1 1)B surface with a
high ledge density w25x. If the height of the individual
steps is the distance between nearest neighbors, i.e.
between cation and anion, then the distance between
steps is 11.2 A. Experimentally, a pattern in the reflec-˚
tion of high energy electron diffraction is observed
whose period in real space is 11.1"0.3 A, which is in˚
very good agreement with the above step width. These
microscopic edges are parallel to the w1 1 0x direction
and consequently parallel to the ridges and trenches
shown in Fig. 1. Apparently preferential growth along
these ledges result in these trenches and ridges.
The Hg Cd Te(0 0 1) surface w22x, is radically0.80 0.20
different. Nearly elliptically shaped mounds with a
height of approximately 300 A are observed which are˚
similar to the mounds observed on the HgTe(0 0 1)
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Fig. 1. A low resolution AFM image of a Hg Cd Te(1 1 2)B epitaxial layer.0.80 0.20
Fig. 2. The experimental and theoretical absorption coefficients of the
(1 1 2)B HgTeyHg Cd Te SL Q943 at 5 K.0.05 0.95
surface by Oehling et al. w26x with a scanning tunnel
microscope. The latter mounds consist of a series of
terraces whose height is that of one monolayer, i.e.
3.2"0.3 A, and width is approximately 500 A. A high˚ ˚
resolution AFM image of an Hg Cd Te(1 1 2)B0.80 0.20
surface demonstrates that these long ridges also consist
of terraces whose height difference is one monolayer
and average width is approximately 180 A w22x.˚
4.2. Optical absorption; intersubband transitions in SLs
The experimental and theoretical absorption spectra
for a (1 1 2)B HgTeyHg Cd Te SL at 5 K are0.05 0.95
shown in Fig. 2. Three distinctive steps are observed
which we have assigned to the H1–E1, L1–E1 and H2–
E2 intersubband transitions. H, L and E are the heavy
hole, light hole and electron subbands, respectively. In
contrast, Yang et al. w27x attributed the first two steps
at lower energies in a similar SL to the H1–E1 and
H2–E2 transitions, and the weak shoulder near 240
meV to L1–E1. A correct assignment requires agreement
between the calculated transition probabilities and the
observed absorption coefficient spectrum as well as
between the calculated and experimental frequencies.
That this is the case here, is demonstrated in Fig. 2. The
relative heights of the three steps are in good agreement
with experiment, even though their absolute magnitudes
are underestimated due to the neglect of Coulomb
interaction between electron and hole w28x. The energies
of the H1–E1 and L1–E1 transitions are in good
agreement whereas agreement is only fair at higher
energies, e.g. for H2–E2, as expected for a perturbation
theory. The weak shoulder near 240 meV is due to the
H2–E1 transition which is allowed only for k)0. For
these reasons and others which will become apparent
below, we shall concentrate on the H1–E1 and L1–E1
transitions.
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Fig. 3. The experimental (thick line) and theoretical (thin line)
absorption coefficients, their first derivatives (thick and thin dashed
lines, respectively) for the (1 1 2)B HgTeyHg Cd Te SL Q11720.05 0.95
at 5 K. The intersubband transition energies are indicated by vertical
lines and their dispersion for q≤z, the miniband width, by the width
of these vertical lines
Fig. 4. The experimental values for E (filled circles), EH1–E1 L1–E1
(empty circles) and the energy difference, E –E (empty squares),H1 L1
for all (1 1 2)B SLs together with theoretical results at 5 K (lines)
are plotted vs. d . Calculated results using d s24 A for possible val-w t ˚
ues of L are shown. d is the interface width.t
A determination of the experimental intersubband
transition energies is not trivial, due largely to a lack of
knowledge about the position of a particular band gap
relative to the frequency of photoluminescence peaks
w27,29,30x, or that of the absorption edges w31x. The
method employed by Becker et al. w2x is to determine
the position of the absorption edge and then its position
relative to the intersubband transition energy itself. This
can be accomplished by calculating the transition ener-
gies as well as the corresponding absorption coefficient.
Finally, by fitting the theoretical and experimental
absorption coefficients, one can determine the experi-
mental intersubband transition energies relative to their
absorption edges.
The absorption edges have been determined by two
different methods. In the first method, the absorption
edge is defined as the energy at the maximum value of
the first derivative of the absorption coefficient. In the
second method the absorption edge is determined from
the temperature dependence of the transmission accord-
ing to
DT T2s y1fdDa (3)
T T1
where T and d are the transmission and sample thickness,
respectively. Hence a good approximation of Da can be
obtained merely from a ratio of transmission spectra at
slightly different temperatures w2x without the compli-
cations and uncertainties in calculating the absorption
spectrum of the SL in a multi-layer structure w14x. The
absorption edges according to both of these methods
coincide with the H1–E1 and L1–E1 intersubband
transition energies to within "2 meV for all investigated
SLs with one exception in which a systematic discre-
pency of 4 meV for L1–E1 is observed w2x.
Good agreement between experimental and theoretical
values of the absorption edges, i.e. daydE, is demon-
strated for a (1 1 2)B orientated SL in Fig. 3. The full
width at half maximum, FWHM, of daydE for the H1–
E1 and L1–E1 intersubband transitions is approximately
13 and 16 meV, respectively, and thus sufficiently
narrow to allow a determination of these energies with
a precision of "2 meV or better. The absorption edges
for Q943 shown in Fig. 2 are even sharper with
corresponding FWHMs of 8.5 and 12 meV.
The H1–E1 and L1–E1 intersubband transition ener-
gies at 5 K for all of the investigated (1 1 2)B SLs are
plotted vs. QW width, d , in Fig. 4. Also shown is thew
energy difference between these two intersubband tran-
sitions, i.e. E –E sE yE . The strongH1 L1 L1–E1 H1–E1
inverse dependence of both transitions on d is obvious,w
whereas E –E is nearly independent of d . The latterH1 L1 w
energy difference depends nearly linearly on the valence
band offset, L. Hence a determination of L is possible
which is not influenced by uncertainties in d . The threew
sets of lines in Fig. 4 are theoretical results for a series
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Fig. 5. Linear temperature coefficients for E (filled circles),H1–E1
E (empty circles) as well as E –E (empty squares) are plottedL1–E1 H1 L1
vs. E at 5 K for all (1 1 2)B SLs. Calculated results for dLydTsH1–E1
0.00 meVyK and E (HgTe, 300 K)sy140 meV are reproduced asg
dashed lines, and the results when dLydTsy0.40 meVyK, E (HgTe,g
300 K)sy160 meV and in addition is temperature dependent,*mhh
i.e. at 300 K, as solid lines.Um s0.79mhh 0
Table 1
Experimentally determined values together with their uncertainties for E (0, 300 K), L , L(300 K), dLydT and (300 K), for the (1 1 2)B*mg 0 hh
and (0 0 1) orientations
E (0, 300 K)g L0 L(300 K) dLydT (5 K)* amhh (300 K)*mhh
meV meV meV meVyK m0 m0
(1 1 2)B y160"2 572"60 452"60 y0.40"0.04 0.53 0.79"0.04
(0 0 1) y157"4 566"60 458"60 y0.41"0.10 0.32 0.40"0.11
The valence band offset is given by L(T)sL q(dLydT)T.0
After Ref. w20x.a
of L values. By means of an error analysis involving
all relevant bulk and SL parameters together with their
uncertainties, the valence band offset between HgTe and
CdTe has been determined to be Ls570"60 meV for
both the (0 0 1) and (1 1 2)B orientations w2x. A detailed
comparison of this value and literature values can be
found in Ref. w2x.
Experimental values of E –E display a significantH1 L1
temperature dependence w2x. Therefore according to the
conclusions presented above, L is also temperature
dependent. Linear temperature coefficients have been
calculated for the three pertinent energies using the SL
parameters determined below. The calculated results are
obviously in excellent agreement with the experimental
values according to Ref. w2x. Because the temperature
dependence of E –E is linear within experimentalH1 L1
uncertainties, the authors concluded that this is also the
case for L.
The temperature dependence has been determined
using a procedure which relies only on experimentally
determined energies and not on d or other SL para-w
meters. This is illustrated in Fig. 5 where the temperature
coefficients for E , E and E –E are plottedH1–E1 L1–E1 H1 L1
vs. E (5 K) for the (1 1 2)B SLs. The dashed linesH1–E1
are results of the theory when L is assumed to be
temperature independent and the energy gap of HgTe at
room temperature, E (0, 300 K), is taken to be y140g
meV w32x. Even though the temperature dependence of
the H1–E1 transition can be reproduced, this is clearly
not the case for either L1–E1 or the energy separation
between these two transitions, E –E . ConsequentlyH1 L1
the results of previous investigations, which are based
merely on the H1–E1 transition can be misleading. For
example the conclusion of von Truchsess et al. w33x that
L is temperature independent, is obviously incorrect.
It has been demonstrated that the temperature depend-
ence of the L1–E1 intersubband transition is determined
by the temperature dependence of both the HgTe band
gap and L. A least square fit to the experimental values
of L1–E1, shown as a solid line in Fig. 5, results in
E (0, 300 K)sy160"2 meV and dLydTsyg
0.40"0.04 meVyK w2x, which are listed in Table 1.
This value for E (0, 300 K) differs appreciably fromg
literature values of y140 and y120 meV w11,32x,
which clearly lie outside of the experimental uncertain-
ties in this investigation. However, these two values are
not experimental values: they have been determined by
extrapolating experimental results for T-100 K up to
room temperature.
On the basis of X-ray photoemission spectroscopy,
and ultra violet spectroscopy (UPS) Sporken et al. w34x
concluded that the valence band offset between CdTe
and HgTe was independent of temperature between 50
K and room temperature with an uncertainty of "0.25
meVyK. However the valence band offset was not
determined at ks0: their UPS samples were sputtered
and they employed the He I and He II emission lines
whose energies correspond to a position in the Brillouin
zone far removed from ks0 w35x.
The results for E and E –E using dLydTsH1–E1 H1 L1
y0.40 meVyK and E (0, 300)sy160 meV are in goodg
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Fig. 6. FFT of SdH oscillations in r (B) for a n type symmetricallyxx
modulation doped HgTe QW (Q1605) measured at 1.6 K and various
gate voltages. The up and down arrows represent the two spin states
of the H1 subband.
agreement with experiment at lower values of E (5H1–E1
K) as previously reported w36x, however, at higher
energies this is not the case w2x. Better agreement with
experiment over the entire energy range can only be
achieved by assuming that the heavy hole effective mass
is also temperature dependent. A least square fit to the
experimental values of E , which is shown as aH1–E1
solid line in Fig. 5 results in Um (1 1 2)s0.79"0.04mhh 0
at 300 K w2x, see Table 1.
The experimental temperature dependence of EL1–E1
and E , as well as that of E –E cannot beH1–E1 H1 L1
explained unless L and are temperature dependent.Umhh
Within experimental error the results for the (0 0 1) and
the (1 1 2)B orientations are equivalent w2x as can be
seen in Table 1, with the exception of the heavy hole
effective mass as expected according to Eq. (1) and Eq.
(2).
4.3. Magneto-transport; n type modulation doped QWs
As expected from their high electron mobility, all n
type, modulation doped QWs show very pronounced
SdH oscillations and well developed quantum Hall
plateaus w8x. The results of a Fourier transformation of
the complex SdH oscillations for the symmetrically
modulation doped sample Q1605 with a well width of
21 nm are shown in Fig. 6. At a gate voltage, V , ofg
0.2 V, when the QW potential is nearly symmetric only
two frequencies, which correspond to the H1 and E2
subbands, are resolved and no splitting of the H1
subband can be observed. For either more positive or
more negative gate voltages, a large splitting of the H1
subband is apparent. Besides the main peaks labelled by
E2, H1q and H1y, peaks due to the sums of the E2
and H1 peaks can be observed. The largest Hall mobility
was 6=10 cm V s at a gate voltage of 2.0 V; to5 2 y1 y1
our knowledge this is the highest value that has been
observed for HgTe QWs.
According to self-consistent band structure calcula-
tions the first two conduction subbands are H1 and E2,
and the valence band is the H2 subband. This is a
consequence of the inverted band structure of QWs with
a large well width. No splitting of the H1 and E2
subbands for the symmetric case was predicted and none
was observed w8x. However, in the asymmetric case, a
small spin splitting of the E2 subband at finite k is≤
predicted as well as a substantially larger splitting of
the H1 subband. It should be mentioned here that the
two spin split branches of the H1 subband cannot be
designated as spin-up and spin-down because their
eigenstates are not linearly polarized and do not carry a
net magnetic moment w37x. The H1 and E2 subbands
which are a mixture of states with different symmetries
contain an equal contribution of up and down spinor
components at finite k . The degeneracy of the H2≤
valence subband is also removed and one spin compo-
nent has a larger maximum at finite k , i.e. here we are≤
dealing with an indirect semiconductor.
The experimental values and the theoretical calcula-
tions of the difference in population, Dn , between theH1
two spin states of the H1 subband have been compared.
The total carrier density, n , has been employed in theSdH
calculations rather than the carrier density in only the
H1 subband, n , because the electric field NEM is, to aH1
good approximation, proportional to n .SdH
The calculated carrier densities in both the H1 and
E2 subbands at various gate voltages agree with the
experimental values for a well width, d , of 21"2 nm.w
A simulation of the X-ray diffraction results in 22"2
nm, in agreement with the above value. It should be
emphasized that the occupation of the E2 subband
depends mainly on the well width and not on the details
of the self-consistently calculated Hartree potential. Fur-
thermore the well width and hence the calculated carrier
densities for two additional QWs, an asymmetric and a
symmetric QW, have been corroborated by simulations
of the corresponding X-ray diffraction results.
Finally Rashba spin–orbit splitting has also been
observed and described quantitatively for a number of
QWs in which only one conduction subband is occupied.
No abnormal temperature and B dependence has been
observed w38x, ruling out magneto-intersubband scatter-
ing w39x.
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Fig. 7. The calculated spin splitting energy of the H1 and E2 subbands
(solid curves), DE and DE , versus in-plane wave vector k for≤H1 E2
sample Q1605. The position of the Fermi wave vector k is denotedF
by the dotted-dashed line. The two dashed lines demonstrate the pro-
portionality to and k , respectively, at small k values.3k ≤ ≤I
Fig. 8. r and r vs. B for a p type asymmetrically modulation dopedxx xy
QW with an inverted band structure at 380 mK. dr ydB is plottedxx
vs. B in the inset.
Winkler w37x has demonstrated that spin splitting for
the heavy hole like state ±G , "3y2M should be propor-8
tional to for small k values. The spin split heavy3kI ≤
hole subband dispersion can be expressed as
2 2h kI 3Ž .E k s "bk (4)" I I*2m
where b is the spin–orbit coupling constant between
the G and G bands. In contrast, spin splitting for the8 6
electron like state cG , "1y2M and the light hole like6
state cG , "1y2M, should be a linear function of k . This8 ≤
is in good agreement with the self-consistently calculat-
ed DE and DE vs. k behavior shown in Fig. 7; theH1 E2 ≤
H1 conduction subband in a type III HgTe QW with an
inverted band structure is principally a heavy hole state,
and the E2 subband is an admixture of the light hole
and electron state.
4.4. Magneto-transport; p type modulation doped QWs
Experimental results shown in Fig. 8 for a p type
asymmetrically modulation doped QW, Q1441, with an
inverted band structures display pronounced and com-
plex SdH oscillations, which begin below 0.3T, and well
developed quantum Hall plateaus. This QW also has a
large mobility, i.e. ms1.0=10 cm V s . If dr y5 2 y1 y1 xx
dB is plotted vs. 1yB, two periods can easily be
distinguished, which are due to the indirect band gap.
A Fast Fourier transformation (FFT) of the SdH oscil-
lations for various hole concentrations in this gated p
type QW results in two frequencies corresponding to
the concentrations p and p . The total hole concentra-1 2
tion, p , is in good agreement with the Hall concentration2
at low magnetic fields. p yp s4, within experimental2 1
uncertainties, for p -5=10 cm w9x. p can be11 y22 2
increased up to 1.1=10 cm , however, above12 y2
5=10 cm the peak corresponding to p disappears,11 y2 1
in good agreement with theoretical calculations dis-
cussed below.
At hole concentrations of less than approximately
5=10 cm a contour plot of the intersection of the11 y2
Fermi energy with that of the first valence subband, H2,
results in four equivalent unconnected areas. For p )2
5=10 cm the Fermi contour resembles a single11 y2
distorted ring w40x. The experimental results are in good
agreement with the theoretical prediction of four equiv-
alent valleys.
4.5. Magneto-transport; n type modulation doped QWs
with Mn
QWs with Mn in the upper barrier with different
spacer thickness between the HgTe and
Hg Cd Mn Te layers have different transport prop-0.3 0.68 0.02
erties; when the spacer is reduced from 15 to 10 nm
both the carrier concentration and mobility remain the
same within experimental uncertainties or decrease
slightly, however, a further reduction to 5 nm causes a
significant reduction in these values.
As expected from their high mobilities, well devel-
oped SdH oscillations have been observed. Fourier
analysis of these spectra reveal two spin split compo-
nents of the H1 subband as well as the sum frequencies.
The population difference between the two spin split
components decreases with more positive gate voltages.
This is caused by a reduction in the structure inversion
asymmetry due to a larger electron concentration and
hence a higher Fermi energy. The relative population
difference Dn yn , where n sn when Dn s0,H1 sym sym H1 H1
is plotted in Fig. 9 vs. the normalized charge carrier
concentration, (n yn yn ), in order to facilitate asym H1 sym
suitable comparison of the QWs with spacer thicknesses
of 5, 10 and 15 nm.
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Fig. 9. The relative difference in population of the H1y and H1q
subbands as a function of normalized charge carrier concentration for
QWs with spacer thicknesses of 5, 10 and 15 nm.
As can be seen in Fig. 9, theoretical calculations are
in good agreement with experiment for the two QWs
with thicker spacers. In contrast self-consistent Hartree
calculations for the case of a 5 nm spacer, which do not
take Mn into account, under estimate the experimental
population difference by a factor of approximately 2.
If this enhanced population difference were due to
giant Zeeman splitting, then it should be strongly tem-
perature dependent w41x contrary to experimental results
which show no change between 380 mK and 4.2 K.
Therefore we infer that Mn increases the asymmetry of
the QW structure and thus enhances Rashba spin–orbit
splitting.
In addition to this desired influence of Mn, decreasing
the spacer thickness reduces both the 2D electron con-
centration and the electron mobility. Nevertheless, elec-
tron mobilities of 0.6, 0.8 and 1.1=10 cm V s5 2 y1 y1
have been achieved when Mn is separated from the well
by 5, 10 and 15 nm thick spacers, respectively.
5. Conclusions
Selected aspects of MBE growth of Hg Cd Te and1yx x
HgTeyHg Cd Te heterostructures have been1yx x
discussed.
By means of an optical investigation of HgTey
Hg Cd Te SLs with a normal band structure combined1yx x
with calculations based on an (8=8 kØp) model, it has
been demonstrated that the energy separation between
the H1–E1 and L1–E1 intersubband transition energies
is primarily determined by the valence band offset, L,
between HgTe and CdTe. This has led to unambiguous
values for the offset and its temperature dependence,
i.e. L(T)s570"60 meV and dLydTsy0.40 meVyK.
Furthermore the energy gap of HgTe at room tempera-
ture has also been determined to be y160 meV.
Magneto-transport studies have been performed on
both n and p type modulation doped HgTe single QWs
with inverted band structure. Rashba spin splitting in n
type QWs with an inverted band structure has been
investigated at different electron concentrations via a
gate voltage. A large Rashba spin splitting has been
observed, which is due to the heavy hole nature of the
first conduction subband, H1. SdH oscillations of p type
QWs display two periods, which have been shown to
be due to their indirect band gap and the resulting
multiple valleys, and not due to Rashba spin–orbit
splitting. Both n and p modulation doped HgTe QWs,
have high mobilities of up to 6=10 and 1.0=105 5
cm V s , respectively.2 y1 y1
The results of magneto-transport experiments on HgTe
QWs with Mn in the upper barrier are in good agreement
with self-consistent Hartree calculations when the Mn
is separated from the 2D electrons by spacers of 10 and
15 nm. However, the observed population difference of
the two spin split states for a QW with a 5 nm spacer
is larger than theoretical predictions by at least a factor
of two. We conclude that Mn increases the asymmetry
of the QW.
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Abstract
The band structure of HgTe quantum wells (QWs) has been determined from absorption experiments on superlattices
in conjunction with calculations based on an 8 × 8 k · p model. The band structure combined with self-consistent Hartree
calculations has enabled transport results to be quantitatively explained.
Rashba spin–orbit, (SO) splitting has been investigated in n-type modulation doped HgTe QWs by means of Shubnikov–de
Haas oscillations (SdH) in gated Hall bars. The heavy hole nature of the H1 conduction subband in QWs with an inverted
band structure greatly enhances the Rashba SO splitting, with values up to 17 meV.
By analyzing the SdH oscillations of a magnetic two-dimensional electron gas (2DEG) in modulation-doped
n-type Hg1−xMnxTe QWs, we have been able to separate the gate voltage-dependent Rashba SO splitting from the
temperature-dependent giant Zeeman splitting, which are of comparable magnitudes. In addition, hot electrons and Mn ions
in a magnetic 2DEG have been investigated as a function of current.
Nano-scale structures of lower dimensions are planned and experiments on sub-micrometer magneto-transport structures
have resulted in the rst evidence for ballistic transport in quasi-1D HgTe QW structures.
? 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Interesting new physics has resulted from the study
of a two-dimensional electron gas (2DEG) which
is subjected to additional interactions. For example,
the Rashba spin–orbit (SO) interaction [1] has been
∗ Corresponding author.
E-mail address: becker@physik.uni-wuerzburg.de
(C.R. Becker).
1 Present address: Shanghai Institute of Physics, Chinese
Academy of Sciences, Shanghai 200082, China.
the subject of numerous investigations of III–V het-
erostructures [2–4]. The Rashba SO coupling is par-
ticularly strong in narrow-gap HgTe quantum wells
(QWs) with an inverted band structure [5], i.e., when
the well width dw¿ 6 nm. The recently introduced
magnetic 2DEG [6] in which magnetic ions (usually
Mn ions) are exchange coupled to the 2DEG is an-
other example.
In order to correctly interpret the results of
magneto-transport experiments, knowledge of the cor-
responding band structure is necessary. This know-
ledge has been determined from an investigation
1386-9477/$ - see front matter ? 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.physe.2003.08.053
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of intersubband transitions in HgTe=Hg1−xCdxTe
superlattices with an inverted band structure [7].
Schultz et al. [8] investigated Rashba SO splitting
in a gated, undoped HgTe/CdTe(1 1 2)B QW with
dw = 11 nm. They observed a large Rashba SO split-
ting (R), which they interpreted via a two-band model
which presumes that SO splitting is linearly dependent
on k‖. However, the rst conduction subband for an
HgTe QW with an inverted band structure has heavy
hole character [5,9]. And using an analytical model,
Rashba [10] in a pioneering investigation and, more
recently, Winkler [11] have demonstrated that R is
proportional to k3
‖
instead of k‖ at small values of k‖ for
heavy holes. This has been corroborated by means of
numerical, self-consistent Hartree calculations based
on an 8× 8 k · p band structure model [5,12].
Here we shall present magneto-resistance and Hall
measurements on n-type modulation-doped QWs with
an inverted band structure. The asymmetry of the QW
potential was varied by means of a top electric gate,
and the resulting Rashba SO splitting has been quanti-
tatively explained via detailed self-consistent subband
calculations based on the envelope function method.
Amagnetic 2DEG has been produced by incorporat-
ing Mn in these narrow-gap heterostructures. In these
structures Gui et al. [13] have probed the interplay of
Rashba, Zeeman and Landau eects, whose level split-
tings are of comparable magnitude; the observed beat-
ing patterns in Shubnikov-de Haas (SdH) oscillations
show the eects of a combination of Rashba SO inter-
action and sp–d exchange interaction, which have been
separated via gate voltage and temperature-dependent
experiments, respectively. The 2D electrons are cou-
pled to the local moments of magnetic ions via a ferro-
magnetic sp–d exchange interaction, resulting in spin
splitting energies, ES, of tens of meV, which are
comparable to or larger than the Landau level split-
ting, ˝!c, and nally, as discussed above, the Rashba
SO interaction is of a similar magnitude in type III
heterostructures [5].
2. Experimental and theoretical details
Epitaxial growth of the superlattices (SLs) and
fully strained QWs was carried out in a Riber 2300,
molecular beam epitaxial chamber (MBE) [7,14] on
Cd0:96Zn0:04Te substrates at 180◦C. The QWs were
modulation doped using CdI2 as a doping material.
After growth, a standard Hall bar was fabricated by
means of a wet chemical etch, then a 250 nm thick
Al2O3 lm, which serves as an insulating layer, was
deposited by electron beam evaporation. Finally Al
was evaporated to form a gate electrode. Ohmic
indium contacts were fabricated by thermal bonding.
Optical transmission measurements were carried
out in the middle infrared regime with a Fourier trans-
form spectrometer, Bruker IFS88. The experimental
absorption coecients are compared with results
based on an 8× 8 k · p model [7].
Numerous k · p band structure calculations us-
ing the envelope function approximation for the
HgTe=Hg0:3Cd0:7Te SL have been published [15–18].
In this investigation, the bands of both bulk HgTe
and CdTe are described by Kane’s four-band model
(8 × 8 k · p) including all second-order remote band
contributions [7].
The QWs were measured in an He4 cryostat with
standard lock-in techniques using a current of 1 A
at temperatures between 0.4 and 4:2 K and mag-
netic elds up to 14 T. Mobilities up to 3.5 and
6:0 × 105 cm2=(V s) have been achieved for the
HgTe=Hg0:3Cd0:7Te QWs at 1:6 K without and with
a gate voltage, respectively. In contrast, the mobility
of Hg0:98Mn0:02Te=Hg0:3Cd0:7Te QWs was apprecia-
bly lower with values up to 1:0 × 105 cm2=(V s)
at 4:2 K for zero gate voltage. The experimental
magneto-transport results have been quantitatively
described by means of self-consistent Hartree calcu-
lations based on the 8×8 k ·p model discussed above
[12,19].
3. Results and discussion
3.1. Optical properties and band structure
Transmission spectra of an (1 1 2)B oriented SL are
shown in Fig. 1 at several temperatures. Numerous
distinctive steps are visible and with decreasing tem-
perature, sharp minima at the absorption edges can
be observed. The three broad steps at 300 K have
been assigned to the H2–E2, H3–E3 and H4–E4 in-
tersubband transitions. H, L and E are the heavy hole,
light hole and electron subbands, respectively. In the
inverted band regime, the valence subbands and the
184
438 C.R. Becker et al. / Physica E 20 (2004) 436–443
Fig. 1. The transmission spectra of a HgTe=Hg0:05Cd0:95Te (1 1 2)B
superlattice, Q944, at several temperatures. The spectra are shifted
along the vertical axis for clarity.
conduction subbands at low energies are mixed to
varying degrees at nite k, however, for the sake of
brevity we shall continue to use these designations.
With decreasing temperature ne structure becomes
readily discernable.
The calculated absorption coecient spectrum of
an (1 1 2)B oriented SL, which is shown in Fig. 2, is
in good agreement with the experimental spectrum.
The relative heights of the corresponding steps are in
good agreement with the experiment, even though the
absolute magnitude of the absorption coecient, , is
underestimated due to the neglect of Coulomb inter-
action between electron and hole [20]. The maxima
at the absorption edges are slightly more pronounced
than that predicted by our 8×8 k ·p model, neverthe-
less agreement with experiment is reasonable.
3.2. Rashba eect in QWs with an inverted band
structure
The symmetrically modulation doped sample
Q1605 with a well width of 21 nm displays very pro-
nounced SdH oscillations in magnetic elds between
0.7 and 14 T at a temperature of 1:6 K. Fourier anal-
ysis of the complex SdH oscillations shows that at
higher gate voltages three subbands are occupied, see
Fig. 2. The experimental (thick line) and theoretical (thin line)
absorption coecients, and their rst derivative (thick and thin
dashed lines, respectively) for a HgTe=Hg0:05Cd0:95Te (1 1 2)B
SL, Q944, at 5 K.
Fig. 3(b). No splitting of the H1 subband can be ob-
served when the QW potential is symmetric, i.e., Vg ≈
0:2 V. For either more positive or more negative gate
voltages, a splitting of the H1 subband is apparent.
Well developed quantum Hall plateaus, not shown
here, indicate the excellent quality of the sample [5].
The largest Hall mobility was 6:0 × 105 cm2=V s
at a gate voltage of 2:0 V; to our knowledge this is
the highest value that has been observed for HgTe
QWs.
The results of self-consistent band structure calcu-
lations for sample Q1605 are shown in Fig. 4. Using
the usual subband notation, H1 and E2 are conduc-
tion bands, and H2 is the rst valence band. This is
a consequence of the inverted band structure of QWs
with a large well width. In agreement with experiment,
a small SO splitting is predicted for E2 and a much
larger value for H1. Using the calculated band struc-
ture, the carrier densities in the H1+, H1− and E2 sub-
bands have been calculated at various gate voltages.
The results are in good agreement with self-consistent
Hartree calculations [5]. The degeneracy of the H2
valence subband is also removed and one spin com-
ponent has a maximum at nite k‖, i.e., this is a semi-
conductor with an indirect band gap [21].
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Fig. 3. SdH oscillations in xx(B) (a) and the corresponding fast
Fourier transformations (FFT) (b) for an n-type symmetrically
modulation-doped HgTe QW Q1605 at 1:6 K and various gate
voltages. (a) The two uppermost curves have been multiplied
by a factor of 6 and 4. (b) The up and down arrows represent
the two spin states of the H1 subband. The circles represent the
results of theoretical calculations for the population of H1 and E2
subbands.
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Fig. 4. Self-consistently calculated subband dispersion E(k) of the
HgTe QW Q1605 at Vg = −2:0 V (solid lines) and Vg = 0:2 V
(dashed lines), which represent the asymmetric and the symmetric
cases, respectively.
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Fig. 5. Experimental (circles) and calculated (lines) population
dierences nH1 in the two spin states of the H1 subband as a
function of the total charge carrier density, nSdH. The nds parameter
is the depleted charge density in the doped layer on the substrate
side.
The data for HgTe=Hg0:3Cd0:7Te QWs clearly
demonstrate that Rashba SO splitting is caused by an
asymmetrical potential. Because only one H1 peak is
resolved for the symmetric case, Zeeman spin split-
ting can be excluded. Furthermore, experiments in
tilted magnetic elds allow us to distinguish between
Zeeman and Rashba splitting. In a 2DEG, Zeeman
splitting depends on the total magnetic eld. SdH
experiments carried out in tilted magnetic elds have
shown that the peaks in the Fourier transform spec-
tra depend only on the normal component of the
magnetic eld thus excluding Zeeman splitting.
The gate voltage has been introduced as a variable
in the numerical simulation by employing the sheet
carrier density inside the QW as an input parameter.
The experimental population dierences between the
two SO split states of the H1 subband for all gate volt-
ages are shown in Fig. 5 as circles and the theoretical
values as lines. If we assume that the top gate volt-
age does not inuence the status of the doped layer
on the substrate side, then the depleted charge density
on the substrate side, denoted by nds, should remain
constant and be exactly one half of the carrier den-
sity nsym over the entire gate voltage range. nsym is the
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carrier density when the potential of the QW is sym-
metric. However, better agreement with experiment is
achieved if nds is assumed to be 10% smaller for a
negative gate voltage, and 10% larger for a positive
voltage. If the former value for nds is valid then the
latter is physically meaningful.
As pointed out by Pfeer and Zawadzki [22] and
Hu et al. [23], the detailed distribution of the electric
eld in the QW is always unknown and it is not clear
to what extent one can rely on the eld distribution
obtained by tting the measured total electron con-
centration based on self-consistent subband structure
calculations, as has been done here. Nevertheless, our
experimental results can be satisfactorily reproduced.
Rashba SO splitting for type I and III heterostruc-
tures has been described using a one band model and
a modied two band model [23,8]. Both models re-
sult in a linear dependence on k‖; E±(k‖) = E0 +
˝2k2
‖
=2m∗ ± k‖. But it is well known that these mod-
els are not applicable for narrow-gap heterostructures.
Self-consistent calculations [11,24] as well as analyti-
cal model calculations [25] for normal electronic sub-
bands in type I narrow-gap systems have shown that
the SO splitting is linear only for small k‖ due to band
nonparabolicity.
Fig. 6 displays the SO splitting energies of the H1
and E2 subbands, EH1 and EE2, as a function of
k‖ for the calculated inverted band structure shown in
Fig. 4. The EH1 versus k‖ plot starts with a nearly
zero slope at k‖ = 0, increases nonlinearly and then
nally begins to decrease for increasing k‖ due to
band mixing, i.e., nonparabolicity eects. SO splitting
reaches a maximum value slightly above the Fermi
wave vector. This is another unique feature of the
inverted band structure and one more consequence
of the heavy hole character of the envelope function
for the rst conduction subband. EH1 can be de-
scribed very well at small values of k‖ by a k3‖ disper-
sion [10,11] as indicated by the upper dashed line in
Fig. 6. On the other hand, the SO splitting of the E2
subband displays a linear behavior at small values of
k‖, as shown by the lower dashed line in Fig. 6.
Consistent with the above discussion, Rashba [10]
and Winkler [11] have shown that SO splitting should
be proportional to k3
‖
for the heavy hole like state
|8;± 32 〉, but for the electron like state |6;±
1
2 〉 and
the light hole like state |8;± 12 〉, SO splitting should be
0.0 0.05 0.1 0.15 0.2 0.25
(nm-1)
0
5
10
15
1
2
(m
eV
)
= 2.0 V−
2
1
Fig. 6. The calculated SO splitting energy of the H1 and E2
subbands (solid curves), EH1 and EE2, versus in-plane wave
vector k‖ for sample Q1605 at Vg =−2:0 V. The position of the
Fermi wave vector kF is denoted by the dotted-dashed line. The two
dashed lines demonstrate that EH1 and EE2 are proportional
to k3
‖
and k‖, respectively, at small k‖.
a linear function of k‖. This is in good agreement with
the self-consistently calculatedEH1 andEE2 versus
k‖ behavior shown in Fig. 6. The SO split heavy hole
subband dispersion can be expressed as E(k‖)=k3‖
where  is the SO coupling constant between the 8
and 6 bands. Analogous to  for a linear dependence,
 can only correctly describe the SO splitting at small
values of k‖. At larger values, for example, only a
rough estimate of the SO splitting can be expected at
the Fermi wave vector for a given gate voltage and
obviously  cannot describe the SO splitting for all k‖.
3.3. Magnetic 2DEG: Rashba and Zeeman eects
In the magnetic 2DEG in a Hg1−xMnxTe=Hg0:3
Cd0:7Te QW, a giant Zeeman spin splitting is also ex-
pected. As visible in Fig. 7 the occupancy of the H1−
and H1+ subbands does not change with temperature;
the asymmetry of the QW structure does not change
and hence no change in the Rashba SO splitting is ob-
served. Beating patterns are clearly visible in the SdH
oscillations because of the existence of two closely
spaced frequency components with similar ampli-
tudes due to level splitting. In this case these nodes in
the beating patterns depend on the temperature as can
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Fig. 7. (a) SdH oscillations in xx(B) (b) and the corresponding
fast Fourier transformations (FFT) for an n-type modulation-doped
Hg0:98Mn0:02Te QW, Q1697, at Vg = 2:0 V and various tempera-
tures. All curves have been shifted vertically for clarity. Arrows
in (a) indicate a dependence of the node positions on temperature,
whereas the absence of an increase in either nH1 or nH1 with
increasing temperature is visible in (b).
be seen in Fig. 7. This behavior is characteristic of a
change in Zeeman spin splitting rather than Rashba
SO splitting, which has been shown to depend on the
structure inversion asymmetry, i.e., the gate voltage.
In order to analyze the experimental results for
Hg1−xMnxTe QWs, we take advantage of the fact that
a splitting of the Landau levels leads to a modulation
of the SdH amplitude A according to A ˙ cos()
where  = =(˝!c), ˝!c is the Landau level sepa-
ration energy and  is the energy splitting of each
Landau level [2]. Nodes in the beating pattern in the
SdH oscillations will occur for half-integer values
of ; ±0:5, ±1:5, etc.; when A is zero. Three nodes
were observed in the SdH oscillations of Q1697 at
higher charge carrier concentrations, and fewer nodes
at lower concentrations.
The large temperature induced shift of the observed
nodes in Q1697, shown in Fig. 7, is caused by the
strong sp–d exchange interaction between the conduc-
tion electrons and the Mn ion spins, as discussed by
Gui et al. [26] for bulk Hg1−xMnxTe. The temperature
dependence stems from the reduction in magnetiza-
tion of the Mn ions with increasing temperature. The
eective g∗ factor in dilute magnetic semiconductors
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Fig. 8. The dierence in total splitting energies between two
temperatures, i.e., (1:4 K)− (T ) for temperatures T = 2:0, 2.5,
3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 10.0, 12.0, 14.0, 16.0, 20.0, 23.0, 26.0
and 31:0 K from bottom to top, for an n-type modulation-doped
Hg0:94Mn0:06Te QW, Q1715. The experimental values are shown
as symbols and those from Eq. (1) as lines.
can be expressed phenomenologically as [6,27]
g∗ = g0 −
(E)max
BB
B5=2
[
5gMnBB
2kB(T + T0)
]
; (1)
where gMn =−2, B5=2(x) is the Brillouin function for
a spin of S = 52 , which has been empirically modied
by using a rescaled temperature, T+T0, in order to ac-
count for antiferromagnetic spin–spin interaction, and
(E)max is the saturated spin splitting energy caused
by the sp–d exchange interaction. g0 is the g factor for
an HgTe QW without the presence of Mn [28], i.e.,
g0 =−20.
As is visible in Fig. 8, a least-squares t of Eq.
(1) for a Hg1−xMnxTe QW at the corresponding tem-
peratures is in good agreement with the experimental
results for the dierence in total level splitting, i.e.,
(1:4 K)− (T ) [13]. In addition it has been demon-
strated that the magnitude of the Rashba SO splitting
energy is greater than that of Zeeman and Landau level
splitting for magnetic elds up to 4–5 T [13].
The observed beating pattern in the SdH oscilla-
tions has also been investigated as a function of cur-
rent [29]. The electron concentration does not change,
i.e., the asymmetry of the QW is invariant, see Fig. 9.
Therefore, the observed shift of the nodes in the beat-
ing pattern is a consequence of a change in the giant
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150, 200 and 300 A, and all curves have been shifted vertically
for clarity.
Zeeman splitting due to an increase in the manganese
temperature, and not a result of Rashba SO splitting.
The Mn temperature has been determined by using
Eq. (1) after determining the corresponding parame-
ters via an experiment with variable lattice tempera-
ture, see Fig. 8. The temperature of the hot electrons
has been obtained from an analysis of the amplitudes
of the fast Fourier transformation of the SdH oscilla-
tions via X=sinh(X ) where X = f(m∗; B).
The electrons lose some of their kinetic energy to
the Mn ions via spin-ip scattering and to the lattice.
As expected the lattice temperature does not increase
due to the large heat capacity of the lattice. In contrast
the temperature of the Mn ion system increases, albeit
much slower than that of the electrons, linearly with
current up to approximately 20 K above the lattice
temperature [29].
4. Conclusions
The optical properties of HgTe=Hg1−xCdxTe het-
erostructures have been investigated in the inverted
band structure regime. It has been demonstrated that
the optical properties and the corresponding band
structure are in good agreement with theory as is the
case in the normal band structure regime.
With this knowledge, we have investigated Rashba
SO splitting in HgTe QWswith an inverted band struc-
ture by means of gate controlled Hall devices. SO
splitting of the H1 subband shows a large gate volt-
age dependence. In contrast, SO splitting of the E2
subband is experimentally unresolved. Band structure
calculations based on the 8×8 k ·p Kane model were
performed which are in very good agreement with ex-
periment. It has been shown that the heavy hole char-
acter of the H1 conduction subband determines the
electron density distribution in the QW and enhances
the Rashba SO splitting at large electron densities.
These are unique properties of the conduction sub-
band of type III inverted heterostructures. An analyt-
ical model with k3
‖
dispersion can be employed to
describe the SO splitting of the H1 conduction sub-
band at small values of the in-plane wave vector k‖
rather than the k‖ model commonly used for type I
QWs. In addition, the relative magnitude of Rashba
SO splitting in the H1 and E2 subbands has also been
shown to be a consequence of the heavy hole char-
acter of the H1 subband and the light particle nature
of the E2 subband which is an admixture of the light
hole and electron states.
The relative magnitudes of the Rashba, Zee-
man and Landau eects of a magnetic 2DEG in
modulation-doped n-type Hg1−xMnxTe=Hg0:3Cd0:7Te
QWs have been investigated. Giant Zeeman and
Rashba SO splitting have been separated by analyzing
the temperature and gate voltage dependence, respec-
tively, of the node positions and beating patterns in
SdH oscillations. It has been experimentally demon-
strated that Rashba SO splitting is larger than or
comparable to the sp–d exchange interaction induced
giant Zeeman splitting in this magnetic 2DEG even at
moderately high magnetic elds. The Mn temperature
has also been investigated as a function of current.
Values of 20 K above the lattice temperature have
been observed.
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